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PREFACE 


This  little  book  has  been  prepared  to  present  the  work  in 
Geometry  and  Algebra  laid  down  in  the  curriculum  of  the 
Public  Schools  of  Ontario. 

These  subjects  are  taught  during  only  one  year  of  the  course, 
and  to  pupils  of  whom  the  majority  do  not  have  opportunity 
of  proceeding  further.  Consequently,  completeness  of  treat- 
ment as  well  as  simplicity  has  been  considered. 

The  aim  has  been  to  present  practical  definite  aspects  of 
the  subjects  rather  than  to  seek  to  lay  a  foundation  for 
higher  work  in  mathematics. 

o 

The  problems  and  exercises  are  numerous,  over  fifteen 
hundred  in  all.  Many  of  these  are  suitable  for  viva  vocc 
class  work. 
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EUCLID'S   ELEMENTS 


BOOK   1.— PROPOSITIONS   1—26. 


jfiuclid  was  the  first  teacher  of  mathematics  in  the  fir^t  great 
university  of  the  world — that  founded  at  Alexandria  about 
300  B.  C.  He  was  the  author  of  works  on  Geometry,  Arith- 
metic, Astronomy,  Optics  and  Music. 

His  work  known  as  Euclid's  Elements  consisted  of  thirteen 
books,  of  which  the  first  six  and  the  last  three  treat  of  Geo- 
metry ;  the  remaining  books  treat  of  Arithmetic. 

The  proofs  of  the  propositions  which  are  given  in  this  edition 
of  a  part  of  the  first  book  of  the  Elements  are  considered  to  be 
just  about  the  same  as  those  presented  by  Euclid  to  his  classes. 
They  have  been  used  ever  since  his  time  as  models  of  deduc- 
tive reasoning,  and  their  form,  as  well  as  the  geometrical  facts 
which  they  present,  should  be  studied. 

DEFINITIONS. 

In  the  definitions,  Euclid  names  the  things  with  which  he 
proposes  to  deal,  and  states  the  distinguishing  marks  by  which 
these  things  are  to  be  recognized. 

The  definitions  should  be  carefully  considered,  and  com- 
mitted to  memory  as  they  are  used. 

1.  A  point  is  that  which  has  position  but  has  no  magni- 
tude. I 

A  point  is  indicated  by  a  dot  with  a  letter  attached,  as  the 
point  A.  .A 

2.  A  line  is  that  which  has  length,  but  has  neither  breadth 
nor  thickness. 
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A  line  is  indicated  by  a  stroke,  with  a  letter  placed 
at  each  end,  as  the  line  AB.  *c~ 

The  extremities  of  a  line  are  points,  and  the  intersection  of  two 
lines  is  a  point. 

The  letters  placed  at  the  ends  of  a  line  are   used  also  to  indicate 
the  extremities. 

A  letter  placed  at  the  intersection  of  two 
lines  indicates  the  point  of  intersection,  as 
the  point  0. 

d.  A  Straight  line  is  one  which  lies  evenly  between  its 
extreme  points. 

Only  one  straight  line  can  lie  between  two  given  points. 

4.  A  Surface  is  that  which  has  length  and  breadth,  but  no 
thickness. 

5.  A  plane  surface  (or  a  plane)  is  one  in  which,  if  any 
two  points  be  taken,  the   straight   line   between   them   lies 
wholly  in  that  surface. 

6.  An  angle  is  the  inclination  of  two  straight  lines  to  one 
another  which  meet  together,  but  are  not  in  the  same  straight 
line. 

The  point  at  which  the  lines  meet  is  called  the  vertex,  and  the  lines 
are  called  the  arms  of  the  angle. 

An  angle  is  named  by  three  letters,  one 
placed  at  the  vertex,  and  one  on  each  of 
the  arms;  but  these  must  be  arranged  so 
that  the  one  denoting  the  vertex  shall  be 
the  middle  letter. 

Thus  the  angle  represented  is  called  the  angle  ABC,  or  the  angle 
CBA. 

7.  When  a  straight  line  standing   on   an- 
other straight  line  makes  the  adjacent  angles 
equal  to  one  another,  each  of  the   angles  is 
called  a  right  angle,  and  the  straight   line 
which  stands  on  the  other  is  called  a  perpen- 
dicular to  it.  . l 
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8.  An  obtuse  angle  is  one  which 
is  greater  than  a  right  angle. 


9.  An  acute  angle  is  one  which  is  less  than 
a  right  angle. 

10.  Any  portion  of  a  plane  surface  bounded  (or  contain- 
ed) by  one  or  more  lines  is  called  a  plane  figure. 

11.  A  circle  is  a  plane  figure  contained  by  one  line  which 
is  called  the  circumference,   and  is  such   that  all  straight 
lines  drawn  from  a  certain    point   within  the  figure  to   the 
circumference  are  equal  to  one  another.       This  point  is  called 
the  centre  of  the  circle. 

A  circle  is  usually  named  by  three  letters,  each  of  which  denotes  a 
point  on  the  circumference. 

12.  A  radius  of  a  circle  is  a 
straight    line    drawn    from   the 
centre  to  the  circumference. 

13.  A  diameter  of  a  circle 

is  a  straight  line  drawn  through 
the  centre,  and  terminated  both 
ways  by  the  circumference. 

Thus  ABC  is  a  circle  of  which  0 
is  the  centre  ;  OA,  OB  and  OC  are  radii,  and  AG  is  a  diameter. 

14.  Parallel  straight  lines  are  such  as  are   in   the   same 
plane,  and  being  produced  ever  so  far  both  ways,  do  not  meet. 


Thus  A  B  and  CD  are  parallel  straight 
lines. 


B 


15.  A  rectilineal  figure  is   one  which  is  contained  by 
straight  lines. 
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These  straight  lines  are  called  the  sides  of  the  figure,  and  the  sum 
of  them  is  called  the  perimeter  of  the  figure. 

A  rectilineal  figure  is  named  by  stating  in  order  the  letters  which 
denote  its  angular  points* 

16.  A  triangle  is  a  plane  figure  contained  by  three  straight 
lines. 

Any  one  of  the  angular  points  of  a  triangle  may  be  called  the  vertex 
of  the  triangle  :  the  side  opposite  to  the  vertex  is  called  the  base. 

17.  A  quadrilateral  is  a  plane  figure  contained  by  four 
straight  lines. 

The  straight  line  which  joins  opposite  angular  points  of  a  quadri- 
lateral is  called  a  diagonal. 

18.  A  polygon   is   a  plane  figure  contained  by  inore  than 
four  straight  lines. 


1 9.  An  equilateral  triangle  is  one  that  has 
three  equal  sides. 


20.   An  isosceles   triangle  is  one  that  has  two 
equal  sides. 


21.  A  scalene  triangle  is  one  that  has  three 
unequal  sides. 


22.  A  right-angled  triangle  is  one  that 
has  a  right  angle. 

The  side  opposite  to  the  right  angle  in  a 
right-angled  triangle  is  called  the  hypote- 
nuse. 
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23.     An   obtuse-angled  triangle  is 
one  thati  has  an  obtuse  angle. 


24.  An  acute-angled  triande  is  one  that 
has  three  acute  angles. 


25.  A  rhombus  is  a  quadrilateral  that 
has  all  its  sides  equal. 


26.  A  Square  is  a  quadrilateral  that  has 
all  its  sides  equal,  and  all  its  angles  right 
angles. 


27.  A   parallelogram  is  a  quadri- 
lateral whose  opposite  sides  are  parallel. 


28.  A  rectangle  is  a  quadrilateral  whose 
opposite  sides  are  parallel,  and  whose  angles 
are  right  angles. 


29.  A  trapezium  is  a  quadrilateral 
that  has  two  sides  parallel. 


\ 
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POSTULATES. 

It  is  not  possible,  even  with  the  best  of  instruments,  to  draw 
straight  lines  or  circles.  But  since  Euclid  wishes  to  reason 
about  figures  made  up  of  straight  lines  and  circles,  he  requests 
that  his  attempts  to  draw  these  be  considered  successful. 
He  makes  these  requests  in  three  postulates,  given  below, 
which  should  be  memorized,  and  referred  to  by  number. 

Let  it  be  granted  : 

1.  That  a  straight  line  may  be  drawn  from  any  one  point 
to  any  other  point. 

2.  That   a   terminated    straight  line  may  be  produced  to 
any  length  either  way. 

3.  That  a  circle  may  be  described   with  any  centre,  and 
at  any  distance  from  that  centre. 


AXIOMS. 

In  the  axioms,  Euclid  makes  twelve  simple  statements, 
the  truth  of  which  is  self-evident.  They  form  the  founda- 
tion on  which  the  whole  science  of  geometry  is  built.  They 
should  be  committed  to  memory,  and  referred  to  by  number. 

1.  Things  which  are  equal  to  the  same  thing  are  equal  to 
one  another. 

2.  If  equals  be  added  to  equals,  the  sums  are  equal. 

3.  If  equals  be  taken  from  equals,  the  remainders  are  equal. 

4.  If  equals  be  added  to  unequals,  the  cums  are  unequal,  the 
greater  sum  being  obtained  from  the  greater  unequal. 

5.  If  equals  be  taken  from  unequals,  the  remainders  are 
unequal,  the  greater  remainder  being  obtained  from  the  greater 
unequal. 
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6.  Things  which  are  doubles  of  the  same  thing  are  equal 
to  one  another. 

7.  Things  which  are  halves  of  the  same  thing  are  equal 
to  one  another. 

8.  Magnitudes  which  coincide  with  one  another  are  equal 
to  one  another. 

9.  The  whole  is  greater  than  its  part,    and  equal    to   the 
sum  of  all  its  parts. 

10.  Two  straight  lines  cannot  enclose  a  space. 

11.  All  right  angles  are  equal  to  one  another. 

12.  If  a  straight  line  meets  two  other  straight  lines,  so  as  to 
make  the  interior  angles  on  one  side  of  it  together  less  than  two 
right  angles,  these  two  straight  lines  will  meet  if  continually 
produced    on  the  side  on  which   are    the   angles   which   are 
together  less  than  two  right  angles. 


" 

" 


SYMBOLS  AND  ABBREVIATIONS. 

The  following  symbols  and  abbreviations  are  used  in  the 
propositions  :  — 

=  stands  for  '  is  equal  to,'  '  are  equal  to,'  or  '  be  equal  to.' 

*  angle.' 

*  triangle/ 
0          "           *  circle.' 

Qc*        "  '  circumference.' 

"  *  therefore.' 

Def.       "  '  Definition.' 

Post.      "  *  Postulate.' 

Ax.        "  *  Axiom.' 

Prop.     "  *  Proposition.' 

Hyp.      "  *  Hypothesis.' 

Constr.  "  *  Construction.' 


8  EUCLID'S  ELEMENTS. 

THE  PROPOSITIONS 


INTRODUCTION  TO  PROPOSITION  1. 

1.  State  the  definition  of  a  circle,  a  triangle,  an  equilateral  triangle. 

2.  What  is  a  Postulate  ?  An  Axiom?    State  Post.  1,  Post.  2  and  Ax.  1. 

A 

3.  Make  a  triangle  whose  angular  points  are  the  points 

A,  B  and  C, 

B-  «C 

4.  (a)  Find  a  point  which  is  at  the  same  distance  from  the  point 

A  that  the  point  B  is.  ^  .  fl 

( b)  In  what  line  do  all  such  points  lie  ? 

(c)  Draw  a  line  every  point  of  which  will  be  at  the  same  dis- 
tance from  B  that  A  is. 

(d)  Find  a  point  that  is  equidistant  from  A  and  B. 

5.  ABO  is  an  equilateral  triangle.     How  does   the 

distance  of  the  point  A  from  the  point  B  compare 
with  the  distance  of  the  point  A  from  the  point 
Of  B 


PROPOSITION  1.     PROBLEM. 

To  describe  an  equilateral  triangle  on  a  given  straight  line. 

•  • 


F 
Let  AB  be  the  given  straight  line. 

It  is  required  to  describe  an  equilateral  triangle  on  AB. 
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With  centre  A  and  distance  AB,  describe  0  BCD.    Post.  3 
W^th  centre  B  and  distance  BA,  describe  0  ACE.    Post.  3. 
Let  the  circumferences  intersect  at  the  point  C. 

Join  AC  and  CB.  Post  1. 

ABC  shall  be  an  equilateral  A. 
For,  because  A  is  the  centre  of  0  BCD, 

.-.     AC  =  AB.  Def.  o/0. 

And  because  B  is  the  centre  of  0  ACE, 

.-.     BC  =  AB  Def.  o/0. 

Now,  since  AC  and  BC  are  each  equal  to  AB, 

.-.     AC  =  BC  Ax.  1. 

Thus  AB,   BC  and  AC  are  all  equal,  and  an  equilateral 
triangle  A  BC  has  been  described  on  AB.     Def.  of  equilateral  £±. 

QUESTIONS    ON    PROPOSITION    1. 

1.  If  the  two  circumferences  intersect  also  at  F,  what  kind  of  a  triangle 

will  be  formed  by  joining  AF  and  BF  ? 

2.  What  kind  of  a  quadrilateral  is  the  figure  ACBF? 


INTRODUCTION  TO  PROPOSITION   2. 

1.  Define  a  circle.     Is  it  possible  to  draw  a  circle  on  a   plane  surface 

with  a  pair  of  compasses  ? 

2.  State  the  postulates.     State  Ax.  2  and  Ax.  3. 

3.  ( a)  Find  a  point  equidistant  from  A  and  B.  A  B 
(b )  Show  how  to  describe  a  circle  that  will  pass  through  A  and  B. 

4.  A  BO  and  DEF  are  concentric  circles,  having 

as  common  centre  the  point  O.  *OD  and  OE 
are  radii  of  the  circle  DEF  which  cut  the 
circumference  of  the  circle  ABG  at  the 
points  A  and  B  respectively. 

(a)  Show  that  AD  equals  BE. 

(bj  Draw  from  Gy  a  point  on  the  circumfer- 
ence ABC,  a  straight  line  equal  to  A D, 
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5.  A  radius  of  the  circle  ABC  is  produced  to 
D.     Show  how  to  draw  from  B  a  straight     C 
line  equal  to  AD. 


>.  When  AD  is  not  in  the  same  straight  line  as 
OA,  show  how  to  draw  from  B  a  straight 
line  equal  to  AD. 


PROPOSITION  2.     PROBLEM. 

From  a  given  point  to  draw  a  straight  line  equal  to  a  given 
straight  line. 


Let  A  be  the  given  point,  and  BG  the  given  straight  line. 
It  is  required  to  draw  from  A  a  straight  line  equal  to  BG. 

Join  AB.  Post.  1. 

On  AB  describe  the  equilateral  2\  DAB.  Prop.  1. 

With  centre  B  and  distance  BG  describe  0  GEF.     Post.  3. 

Produce  DB  to  meet  the  Oce  CEF  in  E.  Post.  2. 

With  centre  D  and  distance  DE  describe  0  EGH.   Post.  3. 

Produce  D A  to  meet  the  Oce  EGH  in  G.  Post.  2. 
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Then  will  AG  =  BC. 
For,  because  D  is  the  centre  of  0  EGH, 

.-.     D3  =  DG.  Def,  of  0. 

Of  these,  the  parts  DB  and  DA  are  equal.  Def.  of  equilateral  /\. 
.'.     the  remainders  BE  and  AG  are  equal.  Ax.  3. 

And,  because  B  is  the  centre  of  0  CEF, 

.-.     jJC  =  BE.  Def.  ofQ. 

Bu',  AG  =  BE. 


Thus  from  the  point  .4  a  straight  line  AG  has  been  drawn 
equal  to  BC. 

QUESTIONS  ON  PROPOSITION  2. 

r 

1.  Under  what  circumstances  would  the  point  D  lie    outside  of  the 

circle  GEF  ? 

On  the  circumference  of  the  circle  GEF  ? 

2.  If  D  were  without  the  circle  CEF,  would  it  be  necessary  to  produce 

DB? 

3.  Could  the  problem  be  solved  by  producing  BD  instead  of  DB  ? 

4.  Could  the  problem  be  solved  by  joining  A  O  instead  of  A  B  ? 

5.  Does  the  line  A  G  always  lie  in  the  same  direction,  no  matter  which 

of  the  above  methods  of  construction  is  used  ? 


INTRODUCTION   TO   PROPOSITION   3. 


AB  and  AG  are  two  straight  lines  of  which  AB  is  the  greater. 
Show  how  to  cut  off  from  AB  a  part  equal  to  AG. 
B 
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PROPOSITION  3.     PROBLEM. 

From  the  greater  of  two  given  straight  lines  to  cut  ojf  a  part 
i  to  the  less. 


C 


Let  AB  and  CD  be  the  two  given  straight  lines,  of  which 
AB  is  the  greater. 

It  is  required  to  cut  off  from  AB  a  part  equal  to  CD. 
From  A  draw  the  straight  line  AE,  equal  to  CD.      Prop.  2. 
With  centre  A  and  distance  AE  describe  0  EFGt     Post.  3. 
cutting  AB  in  F. 

Then  will  AF  =  CD. 
For,  because  A  is  centre  of  0  EFG, 

.-.     AF  =  AE.  Def.  o/0. 

But  CD  =  AE.  Constr. 

.-.     AF  =  CD.  Ax.  1. 

Thus  from  A B  a  part  AF  has  been  cut  off  equal  to  CD. 

QUESTIONS   ON    PROPOSITION    3. 

1.  Why  not  say  "with  centre  A  and  distance  CD  describe  0  J&F6, 

cutting^ B  in>"  ? 

•  • .. 

2.  Can  the  required  part  be  cut  off  from  either  end  of  the  line  AB? 

3.  Make  the  figure,  putting  in  the  construction  necessary  to  draw  AE 
eqnal  to  CD, 
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EXERCISES. 

Find  the  solutions  of  the  following  exercises,  and  write  the 
proof  of  each  solution  in  a  form  similar  to  that  used  by 
Euclid  in  his  propositions. 

1.  AB  is  a  given  straight  line.       Produce  the  line,  making  the  whole 

length  double  that  of  AB.  A B 

2.  Describe  an  isosceles  triangle  on  a  given  straight  line,  such  that 

each  of  the  equal  sides  shall  be  twice  as  long  as  the  base. 

3.  On  a  given  straight  line  describe  an  isosceles  triangle  having  each 

of  the  equal  sides  equal  to  another  given  straight  line. 

4.  Draw  a  straight  line  three  times  as  long  as  a  given  straight  line. 

5.  On  a  given  straight  line  describe  an  isosceles  triangle  having  each  of 

the  equal  sides  three  times  as  long  as  the  third  side. 

6.  From  a  given  point  (7,  in  a  given  straight  line  AS,  $&**?  *•  straight 

line  equal  to  AB. 

7.  Produce  the  less  of  two  given  straight  lines,  making  it  equ^l  to  the 

greater. 


INTRODUCTION    TO    PROPOSITION    4 

1.  State  Ax.  8,  and  Ax.  10. 

2.  What  is  the  meaning;  of  '  coincide '  ? 

3.  Are  two  angles  necessarily  equal,  if  the  straight  lines  which  form  the 

angles  are  equal,  each  to  each  ? 

4.  Two  circles  have  equal  radii :  show 

that  they  have    equal  areas  and 
equal  circumferences. 

5.  Two  squares  have  the  sides  of  the  one 

equal  to  the  sides  of  the  other.       Show  thftt  they  have  equal  areas 
and  equal  perimeters. 
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PROPOSITION  4.     THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of 
the  other i  each  to  each,  and  have  also  the  angles  contained 
by  those  sides  equal  to  each  other,  they  shall  also  have  their 
third  sides  equal ;  and  the  two  triangles  shall  be  equal,  and 
the  other  angles  shall  be  equal,  each  to  each,  namely  those 
to  which  the  equal  sides  are  opposite. 


In  the  AS  ABC  and  DEF, 
let  AB     =     DE, 
AG     =     DFt 
and  /  BAG  =  /  EDF. 
It  is  required  to  prove  that  BG  =  EF, 

A  ABG  =   A  DEF, 

/  ABG  =    /  DEF, 

and  /  AGB  =    /  DFE< 

If  A  ABC  be  applied  to  A  DEF,  so  that  A  falls  on  D,  and 
AB  falls  on  DE,  then  B  will  coincide  with  E> 

because  AB  =  DE.  Hyp. 

And  because  AB  coincides  with  DE, 

and/  BAC=  /.EDF.  Hyp. 

.-.AC  will  fall  on  DF. 
And  because  AC  =  DF, 

.'.  C  will  coincide  with  F. 
And  because  B  coincides  with  E,  and  C  with  F, 

.-.  BG  will  coincide  with  EF. 
For,  if  not,  let  it  fall  otherwise,  as  EGF. 
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Then  the  two  straight  lines  BC  and  EF  will  enclose  a  space, 

which  is  impossible.  Ax.  10. 

Hence  BC  coincides  with  and  .•.   =  EF,  Ax.  8. 

A  ABC       "  "       «     .-.  =    A  DEF, 

Z  ABC       "          "       "     .'.  =    Z 
and  Z  4GZ?       "  "       "     .-.  =    / 

QUESTIONS  ON  PROPOSITION  4. 

1.  State  the  uxioms  used  in  the  proof. 

2.  Are  the  words,  *  each  to  each,'  necessary  in  the  enunciation  ? 

3.  Does  A  C  necessarily  fall  on  DF,  it  AB  coincides  with  DEI 

4.  Prove  the  proposition,   beginning  the  superposition  by  applying 

Btoff. 


O 


EXERCISES. 

1.  The  sides  of  the  square  A  BCD  are 

equal  to   the  sides  of  the  square  . 
EFGH. 
Show  that  : 

(a)  The  diagonals  AG  and  EG  are 

equal. 

(b)  The  diagonals   AC  and  BD  ar 

equal. 

(c)  The  diagonal  AG  bisects,  that  is,  divides  into  two  equal  parts, 

the  angle  BAD. 

(d)  The  squares  are  equal  in  area. 

2.  A  straight  line  AD  bisects  the  vertical  angle  BAG  of  the  isosceles 

triangle  ABC,  and  meets  the  base  at  the  point  D.  Show  that 
D  is  the  middle  point  of  the  base,  and  that  AD  is  perpendicu- 
lar to  BC. 

3.  If  two  straight  lines  bisect  each  other  at  right  angles,  any  point  in 

either  of  them  is  equidistant  from  the  extremities  of  the  other. 

4.  The  middle  points  of  the  sides  of  a  square  are  joined  in  order. 

Show  that  the  quadrilateral  formed  by  these  joining  lines  is  equi- 
lateral. 

5.  ABGD  is  a  square,  E  is  a  point  in  AB,  and  Fisa,  point  in  CD, 

such  that  AE  is  equal  to  GF ;  EF  is  joined.     Show  that  the  angle 
ASF  is  equat  to  the  angle  CFE. 
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Propositions  are  divided  into  two  classes,  theorems  and  problems. 

A  theorem  is  a  truth  that  requires  to  be  proved  by  means  of  other 
truths  already  known.  The  truths  already  known  are  either  axioms  or 
theorems. 

A  problem  is  a  construction  which  is  to  be  made  by  means  of  the 
principles  of  construction  granted  in  the  postulates  or  proved  in  previous 
problems. 

The  enunciation,  or  statement,  of  a  theorem  consists  of  two  parts, 
the  hypothesis,  which  states  that  which  is  assumed,  and  the  conclu- 
sion, which  states  that  which  is  asserted  to  follow  from  the  hypothesis. 

The  hypothesis  of  Prop.  4  is  "If  two  triangles  have  two  sides  of  the 
one  equal  to  two  sides  of  the  other,  each  to  each,  and  have  also  the 
angles  contained  by  those  sides  equal  to  each  other  ; "  the  conclusion  is 
"they  shall  have  their  third  sides  equal,  and  the  two  triangles  shall  be 
equal,  and  the  other  angles  shall  be  equal,  each  to  each,  namely  those 
to  which  the  equal  sides  are  opposite. " 

Figures  which  may  be  made  to  coincide,  are  said  to  be  "  equal  in  all 
respects. " 

The  three  sides  and  the  three  angles  of  a  triangle  are  called  the 
"  parts  of  the  triangle." 

Thus,  the  triangles  considered  in  Prop.  4,  are  proved  to  be  equal  in 
all  respects,  since  the  parts  of  the  one  are  equal  to  the  corresponding 
parts  of  the  other.  

INTRODUCTION  TO  PROPOSITION  5. 

1.  Define  isosceles  triangle.     Which  side  of  an   isosceles  triangle  is 

called  the  base  ?  A, 

2.  In  the  accompanying  figure  point  out  and  name 

the  angle  which  is 

(a)  The  sum  of  the  angles  ABG  and  CBD. 

(b)  The  difference  of  the  angles  ABD  and  CBD. 

3.  In  the  figure,  AB  is  equal  to  ADy  and  AC  is  equal 

ioAE. 

(a )  Join  BE  and  DC.    Name  the  parts  of  the  As  A  CD 

B  /      \  D 
and  AEB,  which  are  equal. 


(b)  Prove  that  CD  is  equal  to  BE. 

(c)Join  BD.     Name  ajl  the  parts  of  the  AS  BCD,      C/  \E 

and  DEBt  which  are  equal. 
(d)  What  kind,  of  a  triangle  ia  A  ABD  ? 
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PROPOSITION   5.     THEOREM. 


The  angles  at  the  base  of  an  ijosGL  les  triangle  are  equal  ;  and 
if  the  equal  sides  be  produced,  the  angles  on  the  other 
side  of  the  base  shall  also  bo  equal. 


In.  A  ABC,  let  AB  =  AC,  and  let  AB  and  AC  be  produced 
to  JJ  a:\d  E. 

It  is  required  to  prove  that  Z  ABC  =  Z  -4(7-5, 

and  Z  DBG  =  Z  -#Cfl. 
In  BD  take  any  point  7^, 

and  from  AE  cut  off  AG,  equal  to  ^1^.         Prop.  3. 
Join  .#£  and  tf^.  Post.  1. 

In  As  AFC  and  AGB, 

AF     =    AG,  Constr. 

AC     =    AB,  Hyp. 

and  Z  FAC   =    Z  £^, 
.-.  FC      =    ££, 

Z  ^(7  -    Z  ^^, 
and  Z  AC'F    =    Z  -4^S^.  Prop.  4. 

Again,  because  -4 7^       =    AG, 
and  ,47?       =    ^4(7, 

.-.  BF      =    (7^.  -4a;.  3. 

And  in  AS  BFC  and  CGB, 
BF      =*    (7(7, 
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I 


A 


B 


and/  BFC      =  /  CGB,         ' 
.-.  £BCF    =•-    /  CBG, 
and  /  .#5(7    =    /  #(7,6.  Prop.  4. 

Now,  because  /  AEG    =    /  ^C^7, 
and/  <?.#£    =    /  BCF, 

.-.  /  ^5(7    =    /  ACB,  Ax.3. 

and  these  are  the  angles  at  the  base. 

It  has  also  been  proved  that  /  FBC  =  /   GCB,   and  these 
are  the  angles  on  the  other  side  of  the  base. 


It  is  evident  that  if  a  triangle  has  all  its  sides  equal,  it  has 
all  its  angles  equal ;  that  is,  an  equilateral  triangle  is  equi- 
angular. 

A  truth,  such  as  the  above,  which  is  easily  and  directly  inferred  from 
a  proposition,  is  called  a  corollary  of  that  proposition. 
\ 

QUESTIONS  ON  PROPOSITION  5 

1.  What  is  the  hypothesis  of  Proposition  5  ? 

2.  What  is  the  conclusion  of  Proposition  §  ? 

3.  Would  it  do  equally  well  to  say  '*  In  AD  take  any  point  f"'1 


EXERCISES. 


1.  Prove  that  the  diagonal  of  a  rhombus  divides  it  into  two  isoscelei 
triangles. 
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2.  Prove  that  the  opposite  angles  of  a,  rhombus  are  equal. 

3.  Prove  that  the  diagonal  ol  a,  rhombus   bisects  each  oi'  the  angles 

through  which  it  passes. 

4.  Two  isosceles  triangles,  ABO  and  .DBC,  have  the  same  base  BG. 

(a)  Prove  that  the  angle  ABD  h  equal  to  the  angle  A  CD. 

(b)  Prove  that  the  angle  BAD  is  equal  to  the  angle  CAD. 

(c)  Prove  that  AD,  or  AD  produced,  bisects  the  base  BO. 

5.  AEG  is  an  isosceles  triangle ;  and  in  the  base  BG  two  points  D,  E 

are  taken  such  BD  =  QE ;  prove  that  ADE  is  an  isosceles  triangle. 

6.  Prove  that  the  diagonals  of  a  square  divide  the  figure  into  four 

isosceles  triangles. 

7.  Two  equal  circles,  whose  centres  are  A  and  B,  intersect  at  the  point 

C.  Join  GA  and  CB,  and  produce  them  to  meet  the  circumfer- 
ences at  D  and  E  respectively.  Join  DE.  Prove  that  the  angle 
CDE  equals  the  angle  CED. 

8.  ABG  is  an  equilateral  triangle  :  D,  E  and  F  are  points  in  the  sides 

AB,  BG  and  GA,  such  that  AD=BE=GF.  Show  that  the  tri- 
angle  DEF  is  equilateral. 


INTRODUCTION  TO  PROPOSITION  6. 

1.  There  are  two  straight  lines,  AB  and  CD. 

(a)  UABis  not  greater  than  CD,  must  AB  be  less  than  CD  ?  Why? 

(b)  If  AB  is  not  equal  to  CD,  is  AB  necessarily  greater  than  CD  ? 

(c)  If  AB  is  not  greater  than  CD,  nor  less  than  CD,  what  relation 

must  exist  between  AB  and  CD  ? 

2.  In  the  figure,  AB  =  CD,  and  L  ABG  =  L 

DCB,   prove  that  AC  =   BD,   and  that 
A  ABC  =  A  DCB. 
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PROPOSITION  6.     THEOREM. 

ff  two  angles  of  a  triangle  be  equal,  the  sides  opposite  them 

shall  also  be  equal. 


In  A  AEG  let  /  ABC  =  /  ACE. 

It  is  required  to  prove  that  AC  =  AE. 

If  AC  is  not  equal  to  AE,  one  of  them  must  be  the  greater. 

Let  AE  be  the  greater. 

From  EA  cut  off  ED  equal  to  AC.  Prop.  3. 

Join  DC.  V  Post.  1. 

In  AsDBCandACfi, 

DB      =    AC,  Constr. 

EC      =    CE, 

and  /  DEC   =    /  AGE,  ~  Hyp. 

.-.A  DBG  =     A  ^(7£.  Prop.  4. 

But  this  is  impossible,  since  A  DBG  is  a  part  of  A  ACS. 

Therefore  AE  is  not  greater  than  AC. 
Similarly  it  may  be  shown  that  AE  is  not  less  than  AC. 

.-.  AE  =  AC. 


Corollary.     An  equiangular  triangle  is  equilateral. 

QUESTIONS  ON  PROPOSITION  6. 

1.  How  would  you  proceed  to  show  "  that  AE  is  not  less  than  AG"t 

2.  What  is  the  hypothesis  of  Proposition  6  ? 

3.  What  is  the  conclusion  of  Proposition  6  ? 
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4.  What  relation  exists  between  the  hypothesis  of  Prop.  5  and  the  con- 
clusion of  Prop.  6  ;  and  also  between  the  first  part  of  the  conclu- 
sion of  Prop.  5  and  the  hypothesis  of  Prop.  6  ? 

Two  propositions  are  said  to  be  converse,  when  the  hypothesis  of 
each  is  the  conclusion  of  the  other. 


EXERCISES. 

1.  The  diagonals  of  the  square  A  BCD  intersect  at  E.     Use  Prop.  6  to 

prove  that  the  triangle  EAB  is  isosceles. 

2.  Prove  that  the  diagonals  of  a  rhombus  bisect  each  other  at  right 

angles. 

3.  Show  that  the  straight  lines  which  bisect  the  angles  at  the  base  of 

an  isosceles  triangle,   form  with  the  base  a  triangle  which  is  also 
isosceles. 

4.  In  the  figure  of  Prop.   1,  if  the  straight  line  A  B  be  produced  both 

ways,  to  meet  the  one  circumference  at  D  and  the  other  at  Ey 
show  that  the  triangle  CDE  is  isosceles. 


INTRODUCTION  TO  PROPOSITION  7. 

1.  AB  and   CD  are   two  straight  lines. 

CE  =  AB.  A £ B 

( a)  How  does  AF  compare  in  length       £ ~ 


(  b)  How  does  AF  compare  in  length  with  CD  ? 

2.  A  BC  and  DEF  are  two  angles,  j\     7G        D 

and  z.  ^.BC^  L.  HEF,  which 
is  a  part  of  L  DEF. 
( a}  How  does  L   GBC  compare 


in  magnitude  with  L  HEF1  JB  C      E  F 

(b)  How  does   L.   GBC  compare  in  magnitude  with  L  DEF1 

3.  Show  that  two  isosceles  triangles  cannot  stand  on  the  same  base  and 

on  the  same  side  of  it,  unless  the  vertex  of  the  one  triangle  falls 
inside  the  other  triangle. 

4.  Two  triangles  have  the  three  sides  of  the  one  respectively  equal  to 

the  three  sides  of  the  other.     Can  they  be  made  to  coincide  2 
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PROPOSITION   7.     THEOREM. 

Two  triangles  on  the  same  base  and  on  the  same  side  of  it  canned 
have  their  conterminous  sides  equal. 


d  /F 


B       A  B 


If  it  is  possible  let  the  two  As  ABC,  ABD  on  the  same  base 
AB,  and  on  the  same  side  of  it,  have  AC  equal  to  AD,  and  BC 
equal  to  BD. 

Three  cases  may  occur  : 

(1)  The  vertex  of  each  A  may  be  outside  the  other  A. 

(2)  The  vertex  of  one  A  may  be  inside  the  other  A . 

(3)  The  vertex  of  one  A  may  be  on  a  side  of  the  other  A . 
In  the  first  case  join  CD  ;  and  in  the  second  case  join  CD 

and  produce  AC  and  AD  to  E  and  F. 

Because  AC  =  AD, 

.'-.  Z  ECD  =  Z  FDC.          -.  Prop.  5. 
But  Z  ECD  is  greater  than  Z  BCD.  Ax.  9. 

.-.  Z  FDC  is  greater  than  Z  BCD. 
Much  more  then  is  Z  BDC  greater  than  Z  BCD. 
But  because  BC  =  BD, 
.:  Z  BDC  =  Z  BCD  ;  Prop.  5. 

that  is,  Z  BDC  is  greater  than  and  equal  to  Z  BCD, 

which  is  impossible. 

The  third  case  needs  no  proof,  because  BC  is  not  equal  to 
BD.  Hence  two  triangles  on  the  same  base  and  on  the  same 
side  of  it  cannot  have  their  conterminous  sides  equal. 
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PROPOSITION  8.     THEOREM, 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of 
the  other,  each  to  each,  and  have  likewise  their  bases  equal, 
the  angle  which  is  contained  by  the  two  sides  of  the  one  shall 
be  equal  to  the  angle  contained  by  the  two  sides,  equal  to 
them,  of  the  other. 


B  C      E 

In  the  A  s  ABC  and  DEF, 
let  AB       =    DE, 
AC       =    DF, 
and  BG       =    EF. 

It  is  required  to  prove  that  /  BAG  =  /  EDF. 

Apply  the  A  ABC  to  the  A  DEF, 

so  that  B  is  on  E,  and  BC  on  EF 

Then,  because  BC  =  EF, 

C  will  coincide  with  F. 

Then  AB  and  AC  will  coincide  with  DE  and  DF. 

For,  if  they  do  not,  but  fall  otherwise,  as  GE  and  GF, 

then  on  the  same  base  EF,  and  on  the  same  side  of  it, 

there  will  be  two  AS,  DEF  and  GEF,  having  equal 

pairs  of  conterminous  sides, 

which  is  impossible.  Prop.  7. 

.-.  BA  coincides  with  ED,  and  AC  with  DF. 
And  hence  /  BAG  coincides  with  and  .'.  =   /  EDF.       Ax.  8. 


Corollary.  If  two  triangles  have  the  three  sides  of  the  one 
respectively  equal  to  the  three  sides  of  the  other,  the  triangles 
are  equal  in  all  respects. 
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QUESTIONS  ON  PROPOSITION  8. 

1.  Apply  the  triangles  so  that  they 
may  fall  on  opposite  sides  of 
the  common  base  EF.  Join 


(a)  What  kind  of  a  triangle  is 

EDO? FDG? 

(b)  Prove  that  the   L.   EDF  = 

L  EOF. 

(c)  Prove  the  proposition  in  this  way  when  DG  does  not  pass 

between  E  and  F. 

(d)  Prove  the  proposition  when  DG  passes  through  the  point  F. 

2.  What  is  meant  by  the  *  parts  of  a  triangle '  ? 

3.  (a)  What  parts  were  given  equal  in  the  two  triangles  considered  in 

Prop.  4  ? 
(b)  What  parts  were  proved  equal  ? 

4.  (a)  What  parts  are  given  equal  in  Prop.  8  ? 

(b)  What  parts  are  proved  equal  ? 

(c)  Are  the  triangles  equal  in  all  respects  ? 

5.  Is  it  possible  to  make  two  triangles  whose  sides  are  respectively 

equal  to  three  given  straight  lines,  but  which  are  not  equal  in  all 
respects  ? 


EXERCISES. 

1.  The  opposite  sides  of  a  quadrilateral  A  BCD  are  equal. 
Prove  that : 

(a)  The  opposite  angles  are  equal. 

(b)  The  angle  ABD  is  equal  to  the  angle  CDS. 

(c)  The  middle  point  of  BD  is  equidistant  from  A  and  <7. 

2.  Show  that  two  circumferences  can  cut  each  other  in  only  one  point 

on  the  same  side  of  the  line  joining  their  centres. 

3.  Two  isosceles  triangles  are  on  the  same  base,  and  on  opposite  sides 

of  the  base.  Prove  that  the  line  joining  their  vertices  bisects  each 
of  the  vertical  angles. 

4.  ABC  is  an  isosceles  triangle,  of  which  AB  and  A  C  are  the  equal 

aides.  Points  D  and  E  are  taken  in  AB,  and  points  F  said  G  in 
AC,  such  that  AD  =  AF,  and  AE  =  AG.  CD  and  BF  intersect 
in  H ;  CE  and  BQ  intersect  in  K. 
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Prove  that : 

(a)  A  H  bisects  L  DAF. 

(b)  L.  BDH  =  L.  CFH. 

(c)  EH  =   HG. 

(d)  A,  If  and  K  are  in  the  same  straight  line. 


PROPOSITION  9.     PROBLEM. 
To  bisect  a  given  rectilineal  angle. 


Let  ACB  be  the  given  rectilineal  angle. 
It  is  required  to  bisect  it. 
In  AC  take  any  point  7), 

and  from  CB  cut  off  CE  equal  to  CD.        Prop.  3. 
Join  DE,  and  on  DE,  on  the  side  remote  from  C, 

describe  the  equilateral  A  DEFt  Prop.  1. 

Join  CF. 

CF  shall  bisect  Z  ACB. 
In  &$DCFa,v.&ECF, 

DC  =  EC,  Comtr. 

CF  =  CF, 

and  DF  —  EFy     Def.  of  equilateral  A. 

.-.  £  DCF  =  /  #(7^.  Prop.  8. 

That  is,  (7^  bisects 
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QUESTIONS  ON  PROPOSITION  9. 

1.  If  the  equilateral  triangle  were  described  on  the  same  side  of  DE  as 

C,  what  different  cases  would  arise  ? 
Under  what  circumstances  would  the  construction  fail  ? 
3.  Show  that  CF  bisects  DE. 

2.  Show  that  OF  also  bisects  the  angle  DFE. 


PROPOSITION  10.     PROBLEM. 

To  bisect  a  given  straight  line. 

C 


Let  AB  be  the  given  straight  line. 

It  is  required  to  bisect  it, 

On  AB  describe  an  equilateral  A  ABC.       Prop.  1. 
Bisect  /  AGE  by  CD,  which  meets  AB  at  I).     Prop.  9. 
AB  shall  be  bisected  at  D. 
In  the  As  ACD  and  BCD,     ', 
AC  =  BC,  , 

CD  =  CD,     Def.  of  equilateral  A. 
and  /  ACD  -  /  BCD,  Constr. 

.\AD  =  BD.  Prop.  4 

That  is,  AB  is  bisected  at  D. 

QUESTIONS  ON  PROPOSITION  10. 

1.  Is  it  necessary  that  the  triangle  described  on  AB  should  be  equi- 

lateral ? 

2.  Show  that  CD  is  at  right  angles  to  AB. 

3.  Every  point  equidistant  from  A  and  B  lies  in  the  line  CD. 
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EXEECISES. 

1.  Divide  a  given  angle  into  four  equal  parts. 

2.  Divide  a  given  straight  line  into  eight  equal  parts. 

3.  On  a  given  base  describe  an  isosceles  triangle  such  that  the  sum  of 

its  equal  sides  may  be  equal  to  a  given  straight  line. 

4.  Produce  a  given  straight  line  so  that  the  whole  line  may  be  five  times 

as  long  as  the  part  produced. 

5.  D,  E  and  F  are  the  middle  points  of  the  sides  of  an  equiangular  tri- 
angle, show  that  the  triangle  DEF  is  equiangular. 

6.  Two  isosceles  triangles,  ABC  and  DEC,  atand  on  the  same  base  BC, 

but  on  opposite  sides  of  it.     E  is  the  mjaaie  po.nt  of  AB,  and  F 
the  middle  point  of  A  G ;  and  BF  and  CE  intersect  at  G. 

(a)  Prove  that  DE  =  DF. 

(b)  Prove  that  L.  EDB  =  L.  FDG. 

(c)  Prove  that  CE  =  BF. 

(d)  Prove  that  L  DBF  =  L  DCE. 

(e)  Prove  that  A  OBC  is  isosceles. 

(f)  Prove  that  EG  =  GF. 

(g)  Prove  that  z.  EGD  =  L  FGD. 

(hj  Prove  that  A,  G  and  D  are  in  the  same  straight  line. 


INTRODUCTION  TO  PROPOSITION  11. 

1.  When  is  one  straight  line  said  to  be  perpendicular  to  another 

straight  line  ? 

2.  ABC  is  an  equilateral  triangle,  and  AD  is  a  straight  line  bisecting 

the  vertical  angle  BA  C}  and  meeting  the  base  in  7X 

(a)  Show  that  AD  bisects  the  base. 

(b )  Show  that  A  D  is  perpendicular  to  the  base. 
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.       PROPOSITION  11.      PROBLEM. 

To  draw  a  straight  line  perpendicular  to  a  given  straight  lint 
jrom  a  given  point  in  the  same. 


Let  AB  be  the  given  straight  line,  and  C  the  given  point 
in  it. 

It  is  required  to  draw  from  C  a  perpendicular  to  AB. 

In  A  C  take  any  point  D. 

From  CB  cut  off  CE  equal  to  CD.  Prop.  3. 

On  DE  describe  the  equilateral  A  DEF.       Prop.  1. 

Join  CF. 

CF  shall  be  perpendicular  to  AB. 
In  the  As  DCF and  ECF, 

DC  =  EC,  Constr. 

CF  =  CF, 

and  DF  -  EF,     Def.  of  equilateral  & 
.-.  /  DCF  =  Z.ECF.          Prop.  8. 

.'.  CF  is  a  perpendicular  to  AB.     Def.  of  perpendicular. 

« 

QUESTIONS  ON  PROPOSITION  II. 

1.  Is  it  necessary  that  the  triangle  described  on  DE  should  be  equi- 

lateral ? 

2.  If  GD  were  greater  than  CB,  what  additional  step  in  the  construc- 

tion would  be  necessary  ? 

3.  Show  how  to  draw  a  perpendicular  from  the  extremity  of  the  line, 

4.  Prove  that  L  FDG  =  L.  FEC. 

5.  Can  the  proposition  be  proved  without  the  use  of  Prop.  8  ? 
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EXERCISES. 

1.  In  what  line  do  all  points  lie,   which  are  equidistant  from  a  given 

point  ? 

2.  Find  the  line  in  which  all  points  lie  which  are  equidistant  from  two 

given  points. 

3.  Find,  if  possible,  a  point  which  is  equidistant  from  three  given 

points. 

4.  Give  a  construction  for  finding  the  centre  of  the  circle  which  passes 

through  the  three  angular  points  of  a  triangle. 

5.  Find  a  point  whose  distance  from  the  given  point  A  is  equal  to  a 

given  straight  line,  and  whose  distance  from  a  given  point  B  is 
equal  to  another  given  straight  line.     Is  this  always  possible  ? 


INTRODUCTION  TO  PROPOSITION  12. 

1.  Show  that  the  straight  line  which  joins  the  vertex  of  an  isosceles 

triangle  to  the  middle  point  of  the  base,  is  perpendicular  to  the 
base. 

2.  Make  an  isosceles  triangle  whose  vertex  is  r 

the  point  (7,  and  whose  base  is  a  part  of 
the  straight  line  AB,  which  is  not  limited 
in  length.  A  ••  B 


PROPOSITION  12.     PROBLEM. 

To  draw  a  straight  line  perpendicular  to  a  given  straight  line 
from  a  given  point  without  it. 

C 


Let  AB  be  the  given  straight  line,  and  C  the  given  point 
without  it. 

It  is  required  to  draw  from  C  a  perpendicular  to  AB.   * 
Take  any  point  D  on  the  other  side  of  AB. 
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B 


With  centre  C  and  radius  CD  describe  the  Q   EDF>  cutting 

AB,  or  AB  produced,  at  E  and  F. 
-     ,  "  Bisect  EF  at  #,  Prop.  10. 

and  join  CG. 
CG  shall  be  perpendicular  to  AB. 

Join  CE,  CF. 
In  the  As  CGE  and  CGF, 

EG  =  FG,  Constr. 

GC  =  GC, 

and  CE  =  CF,  Def.  of  Q 

.-.  /_CGE  =  /  CGF,  .  Prop.  8. 

.'.  CG  is  perpendicular  to  AB.      Def.  of  perpendicular. 

QUESTIONS  ON  PROPOSITION  12. 

1.  Prove  the  proposition  without  the  use  of  Prop.  8. 

2.  Prove  the  proposition  without  the  use  of  Prop.  8  or  Prop.  10. 

3.  Is  there  any  objection  to  taking  the  point  D 

(a)  In  the  line  AB? 

(b)  On  the  same  side  as  (7? 

EXERCISES. 

1.  Describe  an  isosceles  triangle,  having  given  the  base  and  the  length 

of  the  perpendicular  drawn  from  the  vertex  to  the  base. 

2.  In  a  given  straight  line  find  a  point  that  is  equidistant  from  two 

given  points.     Is  this  always  possible  ? 

3.  From  two  given  points,  on  opposite  sides  of  a  given  straight  line, 

draw  straight  lines  to  a  point  in  the  given  line,  making  equal 
angles  with  it.  Is  this  always  possible  ?  ' 

4.  ABG  is  a  triangle,  and  D,  E  and  F  are  the  middle  points  of  thes 

sides,  BO,  CA  and  AB  respectively.  From  D  a  straight  line  is 
drawn  perpendicular  to  BG,  and  from  E  another  straight  line  is 
drawn  perpendicular  to  CA,  meeting  the  former  line  in  0.  Show 
that  OF  is  perpendicular  to  AB. 
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PROPOSITION  13.     THEOREM. 

The  angles  which  one  straight  line  makes  with  another  on  one 
side  of  it  are  together  equal  to  two  right  angles. 


E 


cr 


B 


D 


C 


Let  AB  make  with  CD  on  one  side  of  it,  the  /s  ABC,  ABD. 
It   is   required   to   prove    /  ABC  and    L    ABD   together 
2  right  L.  s. 

(1)  If  L  ABC  =   L  ABD, 

each  of  them  is  a  right  angle ;          Def.  of  right  L  . 
.'.   L  ABC  and  L  ABD  together  =  2  right  z_s. 

(2)  If  L  AEG  be  not  =    L  ABD, 
from  B  draw  BE  perpendicular  to  CD. 
Then  L  s  EBC,  EBD  are  2  right  L  s. 
But    L  ABC  and  L.  ABD  together  =    z_ 
and  L  EBD  together  ; 


Prop.  11. 
Conslr. 
EBC 

Ax.  8. 


and  L  ABD  together  =  2  right  L  s.        .4o;.  1. 


Corollary  1.  If  two  straight  lines  intersect,  the  four  angles 
which  they  make  at  the  point  where  they  cut  are  together 
equal  to  four  right  angles. 

Corollary  2.  All  the  successive  angles  made  by  any 
number  of  straight  lines  meeting  at  one  -point  are  together 
equal  to  four  right  angles 

Corollary  3.  Two  straight  lines  cannot  have  a  common 
segment. 
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EXERCISES. 

1  The  angles  ABC  and  ABD,  which  are  made  by  the  straight  line  AB 
standing  on  the  straight  line  CD,  are  bisected  by  the  straight  lines 
BE  and  BF.  Show  that  the  angle  EBF  is  a  right  angle. 

2.  If  the  two  exterior  angles  formed  by  producing  a  side  of  a  triangle 

both  ways  are  equal,  show  that  the  triangle  is  isosceles. 

3.  Show  that  the  angles  of  a  triangle  formed  by  a  diagonal  and  two  of 

the  sides  of  a  square,  together  equal  two  right  angles. 

4.  Construct  an  angle  equal  to  half  a  right  angle. 

5.  Make  an  isosceles  triangle  having  each  of  its  base  angles  equal  to 

half  a   right  augle,  and  each  of  the  equal  sides  equal  to  a  given 
straight  line. 

6.  If  one  of  the  four  angles  which  two  intersecting  straight  lines  make 

with  each  other  be  a  right  angle,  all  the  others  are  right  angles. 


PROPOSITION    14.     THEOREM. 

If  at  a  point  in  a  straight  line,  two  other  straight  lines  on 
opposite  sides  of  it  make  the  adjacent  angles  together  equal 
to  two  right  angles,  these  two  straight  angles  shall  be  in  one 
and  the  same  straight  line. 

A1 


<T  B  "I) 

At  the  point  B  in  AB,  let  EG  and  BD,  on  opposite  sides  of 
AB,  make  /  ABC  and  /  ABD  together  =  2  right  /s. 
It  is  required  to  prove  BD  in  the  same  straight  line  with  EC. 
If  BD  be  not  in  the  same  straight  line  with  BC, 

produce  CB  to  E ;  Post.  2. 

then  BE  does  not  coincide  with  BD. 

Now,  since  CBE  is  a  straight  line, 
/.  /  ABC  and  /  ABE  together  =  2  right  /  s.     Prop.  13. 
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But  Z  ABC  and  Z  ABD  together  =  2  right  Z  s  ;  Hyp. 

.-.    Z   ABC  and   /    ABE  together   =  Z   ABC  and    /   ABD 
together.  Ax.  1. 

Take  away  from  these  equals  Z  ABC,  which  is  common  ; 

.-.  Z  ABE  =   Z  ABD,  Ax.  3. 

which  is  impossible. 
.*.  BE  must  coincide  with  BD ; 
that  is,  BD  is  in  the  same  straight  line  with  BC. 

QUESTIONS  ON  PROPOSITION  14. 

1.  What  relation  does  Prop.  14  bear  to  Prop.  13  ? 

2.  Show  the  necessity  of  the  words  '  on  opposite  sides '  in  the  enun- 

ciation. 

When  two  straight  lines  intersect  each  other,  the  opposite 

angles  are  called  vertically  opposite  angles. 


PROPOSITION    15.     THEOREM. 

If  two  straight  lines  cnt  one  another,  the  vertically  opposite 
angles  shall  be  equal. 


B 


Let  AB  and  CD  cut  one  another  at  E. 
It  is  required  to  prove  that  Z  AEC  —  Z  BED, 

and  Z  BEG  =  Z  AED. 
Because  CE  stands  on  AB, 
-.  Z  AEC  and  Z  BEC  together  =  2  right  Z  s.  Prop.  13. 

Because  BE  stands  on  CD, 
.-.  Z  BEC  and  Z  BED  together  =  2  right  Z  s.    Prop.  13. 
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.-.  L.  AEC  and  /  EEC  together  =  /  BEG  and  Z  BED 

together.  Ax.  1. 

Take  away  from  these  equals  /  BEG,  which  is  common. 

.-.  /  AEC  =  /  BED.  Ax.  3. 

Similarly,  /  BEG  «=  /  AED.  ;' :  .' 

i 
k 

'  EXERCISES. 

1.  If  four  straight  lines  meet  at  a  point  so  that  the  opposite  angles  are 

equal,  these  straight  lines  are  two  and  two  in  the  same  straight 
line. 

2.  What  relation  does  the  above  theorem  bear  to  Prop.  15  ? 

3.  Show  that  the  bisectors  of  either  pair  of  vertically  opposite  angles, 

in  Prop.  15,  are  in  the  same  straight  line. 

4.  Show  that,  if  AB  is  perpendicular  to  the  straight  line  CD,  which  it 

meets  at  B,  then  if  A  B  is  produced  to  E,  2E  is  also  perpendicular 
to  CD. 

5.  From  two  given  points  on  the  same  side  of  a  given  straight  line, 

show  how  to  draw  two  straight  lines  which  shall  meet  at  a  point 
in  the  given  straight  line  and  make  equal  angles  with  it. 

6.  In  the  figure  of  Prop.  15,  made  EB  equal  to  ED,  and  EC  equal  to 

EA,  and  join  AD,  DB  and  BC.    Then  prove  the  angle  AED  equal 
to  the  angle  CEB,  without  assuming  any  proposition  after  Prop.  5. 

7.  The  side  AC  of  the  triangle  ABC  is  bisected  at  Et  and  BE  is  drawn 

and  produced  to  F,  making  EF  equal  to  EB. 

Show  that : 

(a)  FC  =  AB. 

(b)  L  FCE  =  A  BAE. 
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PROPOSITION  16.     THEOREM. 

If  one  side  of  a  triangle  be  produced,  the  exterior  angle  shall  be 
greater  than  either  of  the  interior  opposite  angles. 


Let  ABC  be  a  triangle,  and  let  EC  be  produced  to  D. 

It  is  required  to  prove  L  ACD  greater  than  L  BAG, 

and  also  greater  than  L.  ABC. 

Bisect  AC  at  E.  Prop.  10. 

Join  BE,  and  produce  it  to  F,  making  EF  =  EB.  Prop.  3. 

Join  CF. 
In  AS  AEB  and  CEF, 

AE  =  CE,  Constr. 

EB  =  EF,  Constr. 

and  L  AEB  =    L  CEF,  Prop.  15. 

V.   L  EAB  =    L  ECF.         Prop.  4. 

But  L  ACD  is  greater  than  L  ECF ;  Ax.  9. 

.*.  L  ACD  is  greater  than  L  EAB. 

Also,  if  AC  be  produced  to  G, 
L.  BCG  is  greater  than  L  ABC. 

But  L  ACD  =    L.  BCG;  Prop.  15, 

.•.  L.  ACD  is  greater  than  L  ABC. 
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PROPOSITION  17.     THEOREM. 

> 

Any  two  angles  of  a  triangle  are  together  less  than  two  right 
angles. 


B  CD 

Let  A  B  C  be  a  triangle. 

It  is  required  to  prove  the  sum  of  any  two  of  its  angles 
less  than  two  right  angles. 

Produce  BC  to  D. 

Then  /  AEG  is  less  than  /  ACD.         Prop.  16. 
.  .  /  ABC  and  /  ACB  are  together  less  than  /  ACD  and 
/  ACB  together. 

But  /  ACD  and  /  ACB  together  =  two  right  /s.     Prop.  13. 
,••  /  ABC  and  /  ACB  are  together  less  than  two  right  /s. 
Now  /  ABC  and  /  ACB  are  any  two  angles  of  the  triangle; 
.*.  any  two  angles  of  a  triangle  are  together  less  than  two 
right  angles. 

QUESTIONS  ON  PROPOSITION   17. 

1.  Show  that  the  proposition  can  be  proved  by  joining  the  vertex  to  a 

point  in  the  opposite  side. 

2.  State  Axiom  12. 

3.  Enunciate  Prop.  17  and  Axiom  12,  so  as  to  show  that  they  are  con- 

verse theorems. 


EXERCISES. 

1.  A  is  a  given  point  and  BC  a  given  straight  line. 

( a)  Find  a  point  in  BC,  whose  distance  from  A  is  equal  to  the  length 

of  another  straight  line  DE. 

(b)  Show  that  two,  and  not  more  than  two,  such  straight  lines 'can  be 

drawn. 


EUCLID'S  ELEMENTS.  37 

(c)  Show  that  only  one  perpendicular  can  be  drawn  from  A  to  EG. 

3.  P  is  any  point  within  the  triangle  ABC,  and  PA  and  PB  are  joined. 

Show  that  the  angle  APB  is  greater  than  the  angle  A  OB. 

4.  Show  that  two  angles  of  every  triangle  must  be  acute  angles. 

5.  Show  that  two  exterior  angles  of  every  triangle  must  be  obtuse  angles. 

Of  what  triangle  will  the  three  exterior  angles  be  obtuse  ? 

6.  In  the  figure  of  Prop.  16,  show  that  the  area  of  the  triangle  ABO  is 

equal  to  the  area  of  the  triangle  FBC. 


PROPOSITION  18.     THEOREM. 
The  greater  side  of  a  triangle  has  the  greater  angle  opposite  to  it. 


D 


Let  ABC  be  a  triangle,  having  AC  greater  than  AB.     It  is 
required  to  prove  /  ABC  greater  than  /  A  CB. 

From  AC  cut  off  AD  equal  to  AB,  Prop.  3. 

and  join  BD. 
Because  /  ADB  is  an  exterior  angle  of  A  BCD, 

.-.  Z.  ADB  is  greater  than  /  ACB.          Prop.  16. 
But  /  ADB  =  /  ABD,  since  AB  =  AD  ;      Prop.  5. 

.•.  /  ABD  is  greater  than  /  ACB. 
Much  more,  then,  is  /  A BC  greater  than  /  ACB. 

QUESTIONS  ON  PROPOSITION  18. 

1.  State  the  hypothesis  and  the  conclusion  of  Prop.  18. 

2.  IsJProp.  18  equivalent  to  the  theorem,  "the  greatest  side  of  a  triangle 

has  the  greatest  angle  opposite  to  it "  ? 


EXERCISES. 

1.  Prove  Prop.  18  by  producing  the  shorter  side. 

2.  A  BCD  is  a  quadrilateral  of  which  AD  is  the  longest  side,  and  BO 

the  shortest  ;  show  that  the  angle  ABO  is  greater  than  the  angle 
ADC,  and  the  angle  BCD  greater  than  the  angle  BAD. 
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PBOPOSITION  19.    THEOREM. 

The  greater  angle  of  a   triangle  has   the  greater  side  opposite 

to  it. 

A, 


C 

Let  ABC  be  a  triangle  having  /  ABC  greater  than  /  ACB. 
It  is  required  to  prove  A  C  greater  than  AB. 

If  A  C  be  not  greater  than  AB, 
then  AC  must  be  equal  to  AB,  or  less  thai    AB. 

If  AC  =  AB, 

then  /  ABC  =  /  ACB.  Prop.  5. 

But  it  is  not.  Hyp- 

,'.  AC  is  not  equal  to  AB. 
If  AC  be  less  than  AB, 

then  /  ABC  is  less  than  /  ACB.          Prop.  18. 
But  it  is  not.  Hyp. 

.'.  AC  is  not  less  than  AB. 
Hence  AC  must  be  greater  than  AB. 

QUESTIONS  ON  PROPOSITION  19. 

1.  Enunciate  the  converse  of  Prop.  19. 

2.  la  Prop.  19  equivalent  to  the  theorem  "  the  greatest  angle  of  a  tri- 

angle has  the  greatest  side  opposite  to  it  ?  " 


EXERCISES. 

\ 

1.  In  an  obtuse -angled  triangle  the  greatest  side  is  opposite  the  obtuse 

angle  ;  and  in  a  right-angled  triangle  the  greatest  side  is  opposite 
the  right  angle. 

2.  Show  that  three  equal  straight  lines  cannot  be  drawn  from  a  given 

point  to  a  given  straight  line. 
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3.  The  perpendicular  is  the  shortest  line  that  can  be  drawn  from  a 

given  point  to  a  given  straight  line :  and  of  the  others  that  which 
is  nearer  the  perpendicular  is  less  than  the  one  more  remote. 

4.  Any  straight  line  drawn  from  the  vertex  of  an  isosceles  triangle  to 

a  point  in  the  base  is  less  than  either  of  the  equal  sides. 

5.  Enunciate  and  prove  a  theorem  similar  to  Ex.  4,  when  the  point  is 

taken  in  the  base  produced. 

6  The  vertical  angle  AEG  of  the  triangle  ABC  is  bisected  by  the 
straight  line  BD,  which  meets  the  base  in  D.  Show  that  AB  is 
greater  than  AD,  and  CB  is  greater  than  CD. 


PROPOSITION  20.      THEOREM. 

Any  two  sides  of  a  triangle  are  together  greater  than  the  third 
side. 


B 

Let  ABC  be  a  triangle. 

It  is  required  to  prove  that  any  two  of  its  sides  are  together 
greater  than  the  third  side.     , 

Produce  BA  to  D,  making  AD  equal  to  AC.     Prop.  3. 

Join  CD. 

Then  /  ACTD  =  /  ADC,  since  AD  =  AC.    Prop.  5. 
But  /  BCD  is  greater  than  /  ACD  ; 

.-.  /  BCD  is  greater  than  /  ADC. 
.  •.  BD  is  greater  than  BC.  Prop.  1 9. 

But  BD  =  BA  and  AC  together  ; 
•.  BA  and  A  C  are  together  greater  than  BC. 

Now  BA  and  AC  are  any  two  sides  ; 

. '.  any  two  sides  of  a  triangle  are  together  greater  than  the 
third  side. 
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EXERCISES. 

1.  Prove  Prop.  20,  by  bisecting  the  vertical  angle  by  a  straight  line 

which  meets  the  base. 

2.  Prove  Prop.  20,  by  drawing  a  perpendicular  from  the  vertex  to  the 

base. 

3.  (a)  In  the  figure  of  Prop.  16,  prove  that  CFis  equal  to  AB. 

(b)  Hence  prove  that  the  sum  of  any  two  sides  of  a  triangle  is  greater 
than  twice  the  straight  line  drawn  from  the  middle  point  of 
the  third  side  to  the  opposite  vertex. 

4.  (a)  Prove  that  the  sum  of  the  sides  of  any  quadrilateral  is  greater 

than  twice  either  diagonal. 

(b)  Hence  prove  that  the  sum  of  the  sides  is  greater  than  the  sum  of 
the  diagonals. 

5.  Take  any  point  0,  and  join  to  the  angular  points  of  the  triangle 

ABC. 

(a)  Prove  that  the  sum  of  OA  and  OB  is  greater  than  AB. 

(b)  Prove  that  twice  the  sum  of  OAy  OB  and  OG  is  greater  than  the 

sum  of  the  sides. 

6.  If  a  point  be  taken  within  a  quadrilateral,  and  joined  to  each  of  the 

angular  points,  show  that  the  sum  of  these  joining  lines  is  the  least 
possible,  when  the  point  taken  is  the  point  of  intersection  of  the 
diagonals. 

7.  Four  points  lie  in  a  plane,  no  one  of  them  being  within  the  triangle 

formed  by  joining  the  other  three.  Find  the  point,  the  sum  of 
whose  distances  from  these  four  points  is  the  least  possible. 

8.  A  point  P  is  taken  within  the  triangle  ABO.     Show  that  the  sum  of 

the  sides  AB  and  AQ  is  greater  than  the  sum  of  PB  and  PC. 

9.  In  any  triangle,  the  difference  between  any  two  sides  is  less  than  the 

third  side. 
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PROPOSITION  21.     THEOREM. 

If,  from  the  ends  of  a  side  of  a  triangle,  there  be  drawn  two 
straight  lines  to  a  point  within  the  triangle,  these  will  be 
together  less  than  the  other  sides  of  the  triangle,  but  will 
contain  a  greater  angle. 

A. 


B 

Let  ABC  be  a  A>  and  from  B  and  C  let  BD  and  CD  be 
drawn  to  any  point  D  within  the  A. 

It  is  required  to  prove  that  BD  and  DC  are  together  less 
than  BA  and  A  C,  but  that  Z.  BDC  is  greater  than  /  BAG. 

Produce  BD  to  meet  A  C  in  E. 
Then  BA  and  AE  are  together  greater  than  BE.     Prop.  20. 

Add  to  each  EG. 

Then  BA  and  A  C  are  together  greater  than  BE  and  EC. 
Again,  DE  and  EC  are  together  greater  than  D  C.      Prop.  20. 

Add  to  each  BD. 

Then  BE  and  EC  are  together  greater  than  BD  and  DC. 
And  it  has  been  shown  that  BA  and  AC  are  together  greater 

than  5^  and  EC', 

.'.  BA  and  AC  are  together  greater  than  BD  and  DC. 
Next,  because  /  BDC  is  greater  than  /  DEC,       Prop.  16. 
and  /  DEC  is  greater  than  /  BAG,  Prop.  16. 

-.  /  BDC  is  greater  than  Z.  BAG. 

EXERCISES. 

1.  In  the  figure  v.f  Prop.  21,  join  DA,  and  show  that  the  sum  of  DA, 

DB  and  DC  is  less  than  the  sum  of  the  sides  of  the  triangle  ABG, 
but  greater  than  half  the  sum. 

2.  In  the  figure  of  Prop.  21,  show  that  the  angle  BDC  is  greater  than 

the  angle  BAG,  by  joining  AD  and  producing  it  towards  the  base. 
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'    PROPOSITION  22.     PROBLEM. 

To  make  a  triangle  the  sides  of  which  shall  be  equal  to  three  given 
straight  lines,  any  two  of  which  are  greater  than  the  third- 

A 

B 

C 


, 

\              *    V         GJ 

r 

E 

Let  A,  B,  C  be  the  three  given  straight  lines,  any  two  of 
which  are  greater  than  the  third. 

It  is  required  to  make  a  triangle  the  sides  of  which  shall  be 
respectively  equal  to  A,  B  and  C. 

Take  a  straight  line  DE  terminated  at  D,  but  unlimited 
towards  E. 

From  it  cut  off  DF  =  A,  FG  =  B,  GH  =  C.         Prop.  3. 
With  centre  F  and  radius  FD,  describe  the  0  DKL. 
With  centre  G  and  radius  GH,  describe  the  0  HKL, 
cutting  the  other  circle  at  K. 

,JomKF,KG. 
KFG  is  the  triangle  required. 

Because  FK  =  FD,  Def.  of  0. 

.-.    FK  =  A. 
Because  GK  =  GH,  .        Def.  of  0. 

.-.    GK  =  C. 

And  FG  was  made  equal  to  B. 
.•.  A  KFG  has  its  sides  respectively  equal  to  A,  B  and  C. 

QUESTIONS  ON  PROP.  22. 

1.  Why  does  th'e  enunciation  state  that  any  two  of  the  given  lines  are 

together  greater  than  the  third  ? 

2.  Will  the  circumferences  of  two  circles  intersect,  if  the  sum  of  their 

radii  is  greater  than  the  distance  between  their  centres  ? 
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PROPOSITION  23.     PROBLEM. 

At  a  given  point  in  a  given  straight  line,  to  make  an  angle 
equal  to  a  given  angle. 
C 


\ 


B 

Let  AB  be  the  given  straight  line,  A  the  given  point  in  it, 

and  /  DCE  the  given  angle. 

It  is  required  to  piake  at  A  an  angle  equal  to  /  DCE. 
In.  CD,  CE^  take  any  points  D,  E. 

Join  DE. 

Make  A  AFG,  such  that  AF  =  CD,  FG  =  DE,  and 
GA  =  EC.  Prop.  22. 

BAG  is  the  required  angle. 
In  the  As  AFG  and  CDE, 
AF  =  CD, 
AG  =  CE, 
and  FG  =  DE,  . 

.-.  /  FAG  =  /  DCE.  Prop.  8. 


EXERCISES. 

1.  Prove  Prop.   23,  giving  all  the  construction,  instead  of  assuming 

Prop.  22. 

2.  Construct  a  triangle,  having  given  two  sides  and  the  angle  between 

them. 

3.  Construct  a  triangle,  having  given  the  base,  and  having  the  angles 

adjacent  to  the  base  equal  to  two  given  angles- 
Is  this  always  possible  ? 
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PROPOSITION  24.     THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of 
the  other,  each  to  each,  but  the  contained  angles  unequal, 
the  base  of  the  triangle  which  has  the  greater  contained 
angle  shall  be  greater  than  the  base  of  the  other. 


B 


C 


Ti    O 


Let  ABC,  DEF  be  two  triangles,  having  AB  =  DE, 
AC  =  DF,  but  Z  BAG  greater  than  L  EDF. 
It  is  required  to  prove  BC  greater  than  EF. 

At  D  make  Z  EDG  equal  to  Z  BAC. 
Cut  off  DG  equal  to  AC  or  DF. 

Join  EG. 

Bisect  Z  FDG  by  DH,  meeting  EG  at  H; 
and  if  F  does  not  lie  on  EG,  join  FH. 
In  the  As  4^(7  and  ##£, 
BA  =  ED, 
AC  =  ££, 
and  Z  £4(7=  Z  EDG, 

.-.  BC  =  EG. 

Again,  in  the  A  s  FDR  and  GDH, 
FD  =  GD, 

DH  =  .£#,  . 

and  /  .ra#  =  Z  GDH,         '       ' 
.-.  FH  =  GH. 


Prop.  23. 
Prop:  3. 

Prop.  9. 


Hyp. 
Constr. 
Constr. 
Prop.  4. 

Constr. 


Constr. 
Prop.  4. 

Hence  EH  and  FH  together  =  EH  and  GH  together  =  EG. 
But  EH  and  FH  are  together  greater  than  EF ';     Prop.  20 
.-.  jE'^  is  greater  than  j57^; 
.  •.  BC  is  greater  than  .5^. 
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PROPOSITION  25.      THEOREM. 

If  two  triangles  have  two  sides  of  the  one  respectively  equal  to 
two  sides  of  the  other,  but  their  bases  unequal,  the  angle 
contained  by  the  two  sides  of  the  triangle  which  has  the 
greater  base  shall  be  greater  than  the  angle  contained  by 
the  two  sides  of  the  other. 


Let  ABC,  DEF\)Q  two  triangles,  of  which  AB  =  DE, 
AG  =  DF,  but  base  EC  is  greater  than  base  EF. 
It  is  required  to  prove  /  BAG  greater  than  /  EDF. 
If  /  BAC  be  not  greater  than  /  EDF,  it  must  be  eitner 
equal  to  it  or  less  than  it. 

But  /  BAC  is  not  =  /  EDF, 

for  then  base  EC  would  be  equal  to  base  EF.  Prop.  4 

But  it  is  not.  Hyp. 

And  /  BACis  not  less  than  /  EDF, 
for  then  base  EC  would  be  less  than  base  EF.    Prop.  24. 

But  it  is  not.  Hyp 

.-.  Z  BAC  must  be  greater  than  /  EDF. 

N 

EXERCISES. 

1.  Show  that  Prop.  24  and  Prop.  25  are  converse  propositions. 

2.  Assuming  the  truth  of  Prop.  25,  deduce  the  truth  of  Prop.  24. 

3.  D  is  the  middle  point  of  the  side  EG  of  the  triangle  ABC.     Prove 

that  the  angle  ADB  is  greater  or  less  than  the  angle  ADC,  accord- 
ing as  AB  is  greater  or  less  than  AC. 

4.  State  and  prove  the  converse  of  the  preceding  theorem. 
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PROPOSITION  26.     THEOREM. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  and  one  side  equal  to  one  side, 
namely  either  the  sides  adjacent  to  the  equal  angles,  or  the 
sides  opposite  to  equal  angles  in  each  ;  then  shall  the  other 
sides  be  equal,  each  to  each,  and  also  the  third  angle  of  the 
one  equal  to  the  third  angle  of  the  other. 


JB  C 

In  AS  ABC  and  DEF, 

•let  L  ABC  =    L  DEF,  and  L  ACE  =    L  DFE. 
First,  let  the  sides  adjacent  to  the  equal    L  s  in  each  be  equal, 
that  is,  let  EG  =  EF. 

It  is  required  to  prove  that  AB  =  DE,  AC  =  DF, 
and  L  BAG  =    L  EDF. 

For  if  A B  be  not  equal  to  DE,  let  AB  be  the  greater,  and  make 
=  DE,  and  join  GC. 

Then  in  AS  GBG  and  DEF, 
GB  =  DE, 
BO  =  EF, 
and  L  GBO  =   L  DEF, 

.-.  L  GGB  =   L.  DFE. 
But  L  AGB  =   L  DFE, 

.-.  L  GOB  =   L  ACE-, 
which  is  impossible. 
.  \  AB  is  not  greater  than  DE. 

Similarly  it  may  be  shown  that  AB  is  not  less  than  DE. 

.-.  AB  =  DE. 


Prop.  4. 
Hyp. 
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Then  in  AS  AEG  and  DEF, 
because  AB  =  DE,  BC  =  JSF,a,nd  L  AEG—  L  DEF, 

.-.  AG  =  DF,  and  L  BAG  =  L.  EDF.      Prop.  4. 
Next,  let  the  sides  which  are  opposite  to~equal  angles  in  each 
triangle  be  equal,  that  is,  let  AB  =  DE. 

It  is  required  to  prove  that  AC  =  DF,  BC  =  EFt 
and  Z  BAG  =  Z  EDF. 


H    C 


]Tor  if  BG  be  not  equal  to  EF,  let  BC  be  the  greater,  and  make 
BE  =  EF,  and  join  AH. 

Then  in  As  ABE  and  Z^, 
AB~DE,  and  BH=EF,  and  Z  ^£#  =  Z  £-#^, 

But  z.  AGB=  L  DFE,  Hyp. 

.-..  L  AHB=  L  ACB-y 

that  is,  the  exterior  i_  of  A  AEG  is  equal  to  the  interior  and 
opposite  L  ACS,  which  is  impossible.  Prop.  16. 

.  •.  BC  is  hot  greater  than  EF. 
Similarly  it  may  be  shown  that  BC  is  not  less  than  EF. 


Then  in  AS  AEG  and  DEF, 
because  AB  =  DE,  BC  =  EF,and  L  ABC=  L  DEF, 

.'.  AC=DF,  and  /  BAC=  Z  EDF.          Prop.  4, 
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EXERCISES. 

\.  The  angle  SAG  is  bisected  by  the  line  AD.  From  D  the  lines  DB 
and  DO  are  drawn  making  the  angles  ADB  and  ADC  equal.  Prove 
that  DBt  DG  are  equal. 

2.  The  bisector  AD  of  the  angle  BAG  of  the  triangle  ABG  meets 5(7 
in  D.   Prove  that  if  the  angles  ADB,  ADG  are  equal,  the  triangle 
is  isosceles. 

3.  The  equal  angles  of  an  isosceles  triangle  A BG  are  bisected  by  the 
lines  BD,  GE,  which  meet  the  opposite  sides  in  D  and  E  respec- 
tively ;  prove  that  BD  and  GE  are  equal. 

4.  Any  point  in  the  bisector  of  an  angle  is  equidistant  from  the  arms 
of  the  angle. 

5.  Find  the  point  in  the  base  of  a  triangle  which  is  equidistant  from 
the  sides. 

6.  Prove  Prop.  26  by  superposition. 

7.  If  two  sides  of  a  triangle  be  produced,  prove  that  the  two  bisectors 
of  the  angles  so  formed  meet  at  a  point  equidistant  from  the  three 
sides  of  the  triangle. 


EXERCISES  ON  PROPOSITIONS  1-26. 

\ 

1.  The  vertical  angle  BAG  of  an  isosceles  triangle  ABG  is  bisected 
by  AD.     If  any  point  E  be  taken  in  AD,  prove  that  EB  equals 
EC. 

2.  ABG   is    a  triangle  such  that  AB  equals  AG.     A  line   GD  is 
drawn  to  cut  AB  in  D ;  the  point  E  is  taken  in  AG  such  that  AE 
equals  AD.     Prove  that  the  angle  AEB  is  equal  to  the  angle  ADG. 

3.  If  the  opposite  sides  of  a  quadrilateral  are  equal,  the  opposite  an- 
gles are  equal. 

4.  A  B  is  a  given  straight  line  and  G  is  a  given  point ;  draw  through 
A  and  G  a  straight  line  AD  whose  length  is  four  times  AB. 

5.  Describe  an  equilateral  triangle  having  a  given  point  A  for  the 
middle  point  of  one  side,  and  having  each  of  the  sides  equal  in 
length  to  a  given  straight  line  BG. 

6.  In  a  given  circle  BCD  place  a  straight  line  BG  equal  to  the  straight 
line  AE,  and  having  its  extremities  B  and  C  in  the  circumference, 
la  this  always  possible  ? 
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7  Upon  the  base  BO  describe  a  triangle  such  that  the  perpendicular 
from  the  vertex  on  the  base  equals  a  given  straight  line  EF,  and 
cuts  the  base  in  D. 

8.  Describe  a  quadrilateral  having  given  the  length  of  each  side,  and 
of  one  diagonal. 

9.  Construct  a  quadrilateral  having  each  of  its  sides  equal  to  a  given 
straight  line,  and  having  one  of  its  angles  equal  to  a  given  angle. 

10.  If  the  diagonals  of  a  quadrilateral  bisect  each  other,  the   opposite 
sides  and  angles  are  equal. 

11.  Any  three  sides  of  a  quadrilateral  are  together  greater  than  the 
fourth  side. 

12.  If  a  quadrilateral  has  four  equal  sides  and  equal  diagonals,  it  is  a 
square. 

13.  If  two  right  angled  triangles  have  equal  hypotenuses,  and  a  side  of 
one  equal  to  a  side  of  the  other,  they  are  equal  in  every  respect. 

14.  AB,  AG  are  the  equal  sides  of  an  isosceles  triangle  ;  BD  and  CD 
are  drawn  perpendicular  respectively  to  AB  and  A  O  to  meet  in 
D.    Prove  that  BD  equals  CD,  and  that  AD  bisects  the   angle 
BAG. 

15.  ABG  is  a  triangle,  BC  is  the  base,  and  A G  is  greater  than  AB. 
A  is  joined  to  D,  the  middle  point,  of  BC.     Prove  that  the  angle 
ADO  is  obtuse. 

16.  If  E  is  any  point  in  AD,  of  Ex.  15,  and  E  be  joined  to  B  and  G, 
prove  that  EB  is  less  than  EG. 

17.  P  is  any  point  in  the  plane  of  the  angle  BAG ;  show  how  to  draw 
through  P  a  straight  line,  which  will  make  an  isosceles  triangle 
with  the  arms  of  the  angle  BA  G. 

18.  The  base  of  a  triangle  is  produced  both  ways,  and  the  exterior  an- 
gles are  bisected.    Prove  that  the  point  of  intersection  of  these  lines 
is  equidistant  from  the  sides  of  the  triangle  ;  also,  that  the  line 
joining  this  point  of  intersection  to  the  opposite  angle  of  the  tri- 
angle bisects  the  angle. 

19.  If  one  side  of  a  triangle  be  less  than  another,  the  angle  opposite  the 
less  side  must  be  acute. 

20.  Prove  that  the  sum  of  the  perpendiculars,  drawn  from  the  vertices 
of  a  triangle  to  the  opposite  sides,  is  less  than  the  perimeter  of  the 
triangle. 

21.  Prove  that  the  sum  of  the  three  lines  joining  the  middle  points  of 
the  three  sides  of  a  triangle  to  the  opposite  vertioea  ia  less  than  the 
perimeter  of  the  triangle. 
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22.  In  any  triangle  ABC,  D  is  any  point  in  the  base  BG.      Prove  that 
AD  is  less  than  the  greater  of  the  two  sides,  AB  and  AC. 

23.  Two  sides,  AB  and  AC,  of  the  triangle  ABC,  are  produced  to  D 
and  E  respectively,  and  the  angle  DBG  is  equal  to  the  angle  ECB. 
Show  that  A B  is  equal  to  AC. 

24.  E  is  the  point  of  intersection  of  the  diagonals  of  the  square  A  BCD, 
Fva  the  middle  point  of  AB,  and  G  the  middle  point  oiBC.     EF 
is  produced,  making  FH  equal  to  EF ;  and  EG  is  produced,  mak- 
GK  equal  to  EG.     Show  that  H,  B  and  K  lie  in  the  same  straight 
line. 

25.  Construct  a  right-angled  triangle,  having  given,  the  hypotenuse  and 
the  sum  of  the  sides. 

26.  Construct  a  triangle,  having  given  each  of  the  angles  at  the  base 
and  the  perimeter  of  the  triangle. 

27.  Construct  a  triangle,  having  given  two  sides  and  an  angle  opposite 
to  one  of  them. 

How  many  solutions  are  generally  possible  ? 

28.  Construct  a  triangle,  having  given  the  base,  one  of  the  angles  at 
the  base,  and  the  sum  of  the  sides. 

29.  Construct  a  triangle,  having  given  the  base,  one  of  the  angles  at  the 
base,  and  the  difference  of  the  sides. 

30.  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other  two,  the 
triangle  can  be  divided  into  two  isosceles  triangles. 

31.  Given  three  sides  of  a  quadrilateral,  and  tne  angles  adjacent  to  one 
of  them;  construct  the  quadruaterai. 

.32.  The  vertex  A  of  the  triangle  ABC  is  joined  to  D,  the  middle  point" 
of  the  base.  AD  is  produced  to  E,  making  DE  equal  to  AD,  and 
B  and  E  joined.  Prove  that  the  angle  EBD  is  equal  to  the  angle 
JBCA. 

33.  D  is  the  middle  point  of  the  hypotenuse  AB  of  the  right-angled 
triangle  ABC.      CD  is  drawn  and  produced  to  Et  making  DE 
equal  to  CD.     Show  that  the  angle  AEB  is  a  right  angle. 

34.  Construct  a  rhombus  having  its  diagonals  equal  to  two  given  straight 
lines. 

35.  ABCD,  EFGH  are  two  squares.    If  they  be  placed  so  that  F  falls 
on  <7,  and  FE  along  CD,  show  that  FG  will  either  fall  along  CBt 
or  in  the  same  straight  line  with  it. 

36.  The  three  exterior  angles  of  a  triangle,  made  by  producing  the  sides 
in  succession,  are  together  greater  than  three  right  angles. 

37.  Through  a  given  point  draw  a  straight  line,  such  that  the  per- 
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pendiculars  drawn  from  two  given  points  to  it  may  be  equal,  and 
on  opposite  sides  of  it. 

38.  In  a  given  straight  line  find  a  point  the  difference  of  whose  dis- 
tances from  two  given  points  on  the  some  side  of  the  line  may  be 
the  greatest  possible. 

Examine  the  case  where  the  given  points  are  situated  on  opposite 
sides  of  the  given  line. 

39.  Three  equal  straight  lines,  OA,  OB  and  OG  are  equally  inclined  to 
each  other  ;  if  their  extremities,  A,  B  and  G  be  joined,  prove  that 
ABG  is  an  equilateral  triangle. 

40.  If  the  angles,  AOB,  BOG  and  CO  A,  in  Ex.  39,  be  bisected  by  the 
lines  ODt  OE&nd  OF  respectively,  which  meet  AB,  BG  and  CA 
in  Dy  E  and  F ;  prove  that  OZ>,  OE  and  OF  are  equal  and  equally 
inclined  to  one  another. 

41.  If  through  the  extremities  of  the  lines  in  Ex.  39,  perpendiculars  be 
drawn,  prove  that  the  triangle  formed  by  these  perpendiculars  is 
equilateral,  and  that  A ,  B  and  G  bisect  the  sides. 

42.  On  the  sides  of  a  square,  and  remote  from  it,  equilateral  triangles 
are  described,  and  their  vertices  joined  in  order.     Prove   that  the 
quadrilateral  so  formed  is  equilateral,  and  that  its  diagonals  and 
those  of  the  square  intersect  in  the  same  point. 

43.  Will  Ex.  42  be  true,  if,  instead  of  describing  equilateral  triangles, 
we  describe  equal  isosceles  triangles  ? 

NOTE. — In  the  following  deductions,  assume  as  the  definition  of  a 
rectangle,  that  it  is  "a  quadrilateral,  with  its  opposite  sides  equal, 
and  all  its  angles  right  angles. " 

44.  In  a  rectangle,  prove  : 

(a)  That  the  diagonals  are  equal. 

(b)  That  the  angles  made  by  a  diagonal  and  a  pair  of  opposite  sides 

are  equal,  and  that  either  diagonal  bisects  the  rectangle. 

(c)  That  the  diagonals  bisect  eacn  other. 

(d)  That  the  diagonals  and  the  sides  make  four  isosceles  triangles. 

45.  Let  ABGD  be  a  rectangle,  J57and  Fthe  middle  points  of  AB  and 
CD  respectively.     Join  ED,  EC  and  EF,  and  prove  : 

(a)  That  ED  equals  EC. 

(b)  That  EF  is  perpendicular  to  CD. 

Infer  also  that  HJFia  perpendicular  to  A  B. 

(c)  That  AEFD  and  EBCF  are  equal  rectangles.  ' 
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46.  A  BCD  is  a  rectangle,  E  the  middle  point  of  AB,  and  O  any  point 
in  AD.     Join  GE  and  produce  it  to  meet  CB  produced  in  H. 
Prove  GE  equal  to  EH  and  AG  equal  to  EH. 

47.  If  F\$>  the  middle  point  of  CD  in  Ex.  46  :  join  EF,  and  prove  that 
2  EF  =  HC  +  GD. 

48.  In  47,  let  K  be  any  point  in  GDt  and  F  the  middle  point  of  CD. 
Join  TsT/7  and  -produce  it  to  meet  BC,  produced  in  L.     Prove  that 
2EF  =  HL  +  OK. 

49.  Prove  in  Ex.  48  that  the  area  of  the  trapezium  GHLK  equals  the 

area  of  the  rectangle  A  BCD. 

Hence  show  that  the  measure  of  the  area  of  this  trapezium  is 
equal  to  one  half  the  product  of  the  measures  of  its  perpendicular 
height  and  the  sum  of  its  parallel  sides. 

50.  Show  how  to  cut  a  rhombus  so  as  to  form  out  of  the  parts  a  rect- 
angle. 

51.  ABCD  is  a  rectangle.     In  AB  take  any  point  E,  and  from  DO  cut 

off  DF  equal  to  AE.    Join  EF,  and  prove  that  the  quadrilaterals 
AEFD  and  EBCF  are  rectangles. 

52.  A  triangle  and  a  rectangle  stand  on  the  same  base,  and  the  vertex 
of  the  triangle  is  in  the  side  of  the  rectangle  which  is  opposite  to 
the  common  base  ;   prove  that  the  area  of  the  rectangle  is  double 
the  area  of  the  triangle. 

Hence  show  that  the  measure  of  the  area  of  a  triangle  is  equal  to 
one-halt  the  product  of  the  measures  of  its  base  and  height. 


i 
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CHAPTER   I. 

ARITHMETICAL  NUMBERS. 

"We  measure  and  compare  concrete  quantities  of  the  same 
kind  by  stating  how  many  times  a  certain  definite  quantity 
of  that  same  kind,  called  the  unit  of  measurement,  must  be 
repeated  to  make  up  each  of  the*given  quantities.  "We  indicate 
the  number  of  times  by  the  symbols — 

1,  2,  3,  4,  5,  6,  7,  8,  9, 

and  combinations  of  these,  according  to  the  decimal  system  of 
notation. 

When  there  is  a  remainder,  and  we  cannot  arrive  at  the 
quantity  to  be  measured  by  repetitions  of  the  unit  of  measure- 
ment, we  divide  the  unit  into  halves  or  thirds  or  tenths,  etc., 
and  then  measure  the  remainder  in  terms  of  these  subdivisions 
of  the  unit.  We  indicate  the  result  by  such  symbols  as — 

J,         f,         T^        or         -7,         etc. 

These  symbols,  used  to  represent  numbers,  are  dealt  with  in 
arithmetic,, 

ALGEBRAICAL  NUMBERS. 

There  exist  pairs  of  quantities  of  such  a  nature  that  the 
one  counted  in  with  the  other  annuls  the  other,  in  whole  or 
in  part.  Such  as — 

loss     and    gain, 

distance  up     and    distance  down, 
addend    and    subtrahend. 
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These  quantities  can  be  measured  and  compared  in  terms  oi 
related  units,  such  that  one  unit  of  the  one  kind  destroys  or 
cancels  one  unit  of  the  other  kind. 

Such  related  units  are  — 

one  dollar  loss     and  one  aoiiar  gain, 

one  yard  up     and  one  yard  down, 

1  to  be  added     and*  1  to  be  subtracted. 

It  has  been  found  convenient  to  denote  these  related  units, 
called  respectively  the  positive  unit  and  the  negative  unit, 
by  the  symbols — 

-fl     and     —  1. 

+ 1  represents  the  unit  first  chosen,  and  consequently   is 
the  fundamental  unit  of  algebraical  numbers. 
Repetitions  of  these  units  (and  of  subdivisions  of  them)  are 
indicated  by  the  symbols — 

+  1,  +2,  -f-3,  +4,  etc.,  +},  +f,  etc., 
—  1,  -2,  -  3,  -  4,  etc.,  -  J,  -  f ,  etc. 

These  are  the  symbols  used  to  denote  the  numbers  of  element- 
ary algebra. 

The  mark  -f-  is  called  the  positive  sign,  and  is  read  plus. 
The  mark  —  is  called  the  negative  sign,  and  is  read  minus. 
Algebraical  numbers  which  differ  only  in  sign  are  called 

complementary  numbers. 

The  sign  -f  is  often  omitted,  and  when  neither  +  nor  — 
is  placed  before  an  arithmetical  number,  the  sign  +  is  to  be 
understood. 

In  dealing  with  these  algebraical  numbers,  arithmetical 
results  are  included,  for  either  of  the  above  series  of  numbers 
includes  all  the  numbers  of  arithmetic.  The  value  of  an  alge- 
braical number,  considered  independently  of  its  sign,  is  called 

its  absolute,  or  arithmetical,  value. 
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-f-1  indicates  that  the  positive  unit  is  taken  once,  and  is 
read  plus  one. 

-}-2  indicates  that  the  positive  unit  is  taken  twice,  and  is 
read  plus  two. 

—  1  indicates  that  the  negative  unit  is  taken  once,  and  is 
read  minus  one. 

—  2  indicates  that  the  negative  unit  is  taken  twice,  and  is 
read  minus  two. 

-f  1  and  +1  counted  together  give  +2. 
-  1  and  -  1  counted  together  give  -  2. 
4- 1  and  —  1  counted  together  give  0. 

In  arithmetic,  when  one  jyard  is  the  unit,  the  number  3 
indicates  the  measurement  of  the  quantity  three  yards. 

In  algebra,  when  one  yard  up  is  the  positive  unit,  the 
number  4-  3  indicates  the  measurement  of  the  quantity  three 
yards  up,  and  —  3  the  measurement  of  the  quantity  three  yards 

down. 

EXERCISE  1. 

Find  the  algebraical  numbers  which  represent  the  following 
measurements  : 

1.  Thirty  feet  up  when  the  positive  unit  is  one  foot  up. 

2.  Thirty  feet  down  when  the  positive  unit  is  one  foot  up. 

3.  Thirty  feet  up  when  the  positive  unit  is  one  foot  down. 

4.  Thirty  feet  down  when  the  positive  unit  is  one  foot  down. 

5.  A  gain  of  25  dollars,  the  positive  unit  being  a  gain  of 
5  dollars. 

6.  A  loss  of  40  cents,   the  positive  unit  being  a  gain  of 
10  cents. 

7.  Ten  miles  east,  when  the  positive  unit  is  one  hundred 
yards  west. 

8.  If  a  debt  of  5  dollars  is  represented  by    +  5,  what  will 
•f  3  represent  ?     What  will  —  4  represent  ? 
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9.  What  is  the  positive  unit  when  a  debt  of  10  dollars  is 
represented  by  +  2  ? 

10.  What  is  the  negative  unit   when   an   expansion  of   3 
inches  is  denoted  by  -  2  ? 

ADDITION. 

In  arithmetic  we  add  numbers  by  counting'  together  the 
units  indicated. 

Likewise  in  algebra  we  add  numbers  by  counting  together 
the  units  indicated ;  but  we  must  remember  that  complement- 
ary numbers,  such  as  + 1  and  —  1,  or  +2  and  -  2,  or  +3  and 
—  3,  etc.,  when  added  cancel  each  other. 

Thus,  +  2  and  —  2  when  added  give  0. 
+  2  and  +3  "  +5. 

-  2  and    -  3  "  -  5. 
+  2  and    -  3              "                -  I. 

-  2  and  +3  "  + 1. 

EXERCISE  2. 
Add  the  numbers — 

1.  +2,  +3,  +5. 

2.  -2,  -3,  -4. 

3.  +1,  -2,  +3,  -4,  +5, —6. 

4.  -12,  -15,  +14,  +20,    -36,  +50. 

K     4-1      _£'  4-A      -i 
**•      r2>         3»         5'        IT* 

6.  +1|-,  -2f,  +61    -2TV 

7.  32,  -16,  14,  -28,  +30,  -50,  60. 

8.  1500,  -18-27,  +131-4,  -1415,  -1513. 

9.  State  a  rule  for  the  addition  of  two  numbers  which  have 
like  signs. 

10.  State  a  rule  for  the  addition  of  two  numbers  which  have 
unlike  signs. 

11.  Add  the  algebraical  numbers  which  represent  the  quan- 
tities, 15  dollars  loss,    18  dollars  gain  and  20  dollars  gain, 
w hen  one  dollar  loss  is  the  positive  unit. 
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SUBTRACTION. 

By  the  subtraction  of  one  number  from  another  we  mean 
the  taking  away,  or  counting  out,  from  the  latter  the  units 
indicated  by  the  former. 

If  we  wish  to  subtract  +3  from  a  given  number  we  can  do 
so  by  counting  in  —  3  with  the  given  number,  since  this  will 
have  the  effect  of  counting  out  +  3. 

To  subtract  +4  from  +7,  we  add  +7  and  -  4. 
To  subtract  -  4  from  +7,  we  add  +7  and  +4. 
To  subtract  -  4  from  -  7,  we  add  -  7  and  +4. 
To  subtract  +4  from  -  7,  we  add  -  7  and  -  4. 
That  is,  to  subtract  an  algebraical  number  we  add  the  com- 
plementary number. 

EXERCISE  3. 

1.  Subtract  +3  from  +5. 

2.  Subtract  -  3  from  +5. 

3.  Subtract  -f  3  from  -  5. 

4.  Subtract  -  3  from  -  5. 

5.  From  -  36  take    -  20,  and  add  -  30  to  the  result. 

6.  From  the  sum  of  -*  28  and    -  32  subtract  the  sum  of   -  60 
and  +  30. 

7.  Add  -  13,  -  12,  +18,  and  subtract  the  result  from  the 
sum  of  8,    -  5,  -  20  and  +  30. 

8.  From  the  sum  of  -  12,  +15,  -  13  and  10  take  the  sum 
of    -  18  and  +27. 

9.  What  must  be  added  to  the  sum  of  -  4,  -  5     -  6  and  +  8 
to  give  +13? 

10.  What  number  must  be  subtracted  from  the  sum  of  -  19, 
-  20  and  -  5  to  give  a  remainder  +17? 
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MULTIPLICATION. 

In  arithmetic  we  multiply  7  by  3  by  counting  together  7 
and  7  and  7,  and  obtain  21  ;  that  is,  we  do  with  7  that  which 
we  did  with  the  unit  to  obtain  3.  Also,  when  we  multiply  § 
by  ^,  we  divide  §  into  five  equal  parts  and  take  four  of  these 
parts — that  is,  we  do  with  ^  that  which  we  did  with  the  unit 
to  obtain  -|. 

Similarly,  in  algebra,  we  multiply  +  7  by  +  3,  by  doing  with 
+  7  just  that  which  we  did  with  +  1  to  get  +  3  ;  that  is,  we 
count  together  +7  and  +7  and  +7  and  obtain  +21.  Also, 
we  multiply  +  7  by  -  3,  by  counting  together  -  7  and  -  7  and 

-  7,  and  obtain  -  21  ;  for  we  obtain  -  3  from  +  1  by  changing 
its  sign,  that  is,  taking  the  complementary  number,  and  count- 
ing it  three  times. 

To  multiply    -  7  by  +3  we  count  together  -  7  and  -  7  and 

-  7,  and  obtain   —  21. 

To  multiply  -  7  by  -  3  we  count  together  +  7  and  +  7  and 

+  7,  which  gives   +21. 

EXERCISE  4. 

1.  Multiply  +4  by  +2. 

2.  Multiply  -  4  by  +2. 

3.  Multiply  +4  by  -2. 

4.  Multiply  -  4  by  -  2. 

5.  Multiply  the  sum  of    +10,    -  8  and  -  16  by  the  sum  of 

-  4,  -  6  and  +  8. 

6.  Subtract  the  sum  of  +  60,  -  30,  -  32  and  +  24  from  the 
product  of    -  24  and  +13. 

7.  From  the  product  of    -12  and  -13  subtract  the  sum 
of    -  4,  5,    -  6,  +  7  and    -  8. 

8.  What  is  the  sign  of  the  product  of  two  positive  numbers'/ 

9.  What  is  the  sign  of  the  product  of  two  negative  numbers  ? 

10.  What  is  the  .sign  of  the  product  of  two  numbers  which 
have  different  signs  ? 
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DIVISION. 

The  division  of  one  number  by  another  means  the  finding 
of  that  number  which  multiplied  by  the  latter  number  gives 
the  former. 

We  wish  to  divide    +  6  by    +2.       Now   we  counted    -f  1 
twice  to  obtain  +  2  ;  hence  to  divide  +  6  by  +  2  we  must  find 
that  number  which  counted  twice  will  give    +  6  :    therefore 
+  3  is  the  result. 

To  divide  +  6  by  —  2  we  must  find  that  number  which, 
after  having  its  sign  changed,  and  being  counted  twice,  will 
give  +  6  :  therefore  —  3  is  the  result. 

Similarly,   -  6  divided  by  +  2  gives  -  3, 
and  -  6  divided  by  -  2  gives  +  3. 

EXERCISE  5. 

1.  Divide  +12  by  +4. 

2.  Divide  -  12  by  +  4. 

3.  Divide  +12  by  -4. 

4.  Divide  -  12  by  -4. 

5.  Divide  the  sum  of   -  20  and    -  40  by  the  sum  of    -f  30 
and    -20. 

6.  From  the  product  of    -  40  and    -  40  subtract  the  pro- 
duct of  -  30  and    -  30,  and  divide  the  result  by  the  sum  of 
+  40  and  -30. 

7.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  positive  number  ? 

8.  What  is  the  sign  of  the  result  of  dividing  a  positive 
number  by  a  negative  number  ? 

9.  What  is  the  sign  of  the  result  of  dividing  a  number 
by  another  of  different  sign  ? 

10.  What  is  the  sign  of  the  result  of  dividing  a  number 
by  another  of  the  same  sign  ? 
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Besides  their  uses  to  distinguish  the  two  series  of  algebraWtl 
numbers,  the  signs  +  and  —  are  used  to  indicate  the  operations 
of  addition  and  subtraction  respectively,  as  in  arithmetic. 

The  signs  x  and  -j-  are  also  used  to  indicate  multiplication 
and  division  respectively. 

The  bar  —  also  indicates  division. 

An  algebraical  number  is  sometimes  enclosed  in  brackets 
to  distinguish  the  two  uses  of  +  and  —  . 

Thus:  (  +  5)  +  (-3)  =   +  2.     , 
^  (-7)  -  (  +  3)-    -10. 

(  +  5)  x  (-3)  =    -15. 
(+12)  -  (-6)  =    -2.  ,  ,    . 


. 

-  6 

EXERCISE  6. 
Find  the  value  of  : 

1.  (  +  5)  +  (-6)  +  (  +  7)  +  (-8). 

2.  (  +  4)  -  (-4)  +  (-4)  -  (  +  4).  . 

3.  (  +  5)  x  (-6)  +  (  +  3)  x  (-2). 

4.  (-10)  -(  +  2)  -  (  +  12)  -(-3). 

5.  (  +  5)  x  (-5)  +  (  +  6)  +  (-2)..  '          - 

6.  (  +  12)  -s-  (-4)  +  (-3)  x  (-2)  -  (  +  6)  x  (  ... 

_  60       -  30       -  40 

7.  -  +  —      +  -- 
-12         -5          +4 

-20        40      60 

8.  -  +  ---- 

+  4        -4        6 

9.  (_15)  *  (-3)  +  (-40)  4-  (  +  4)  ~  (-20)  +  (-5). 

-52        -8        -60        -10 
10.  -  +  -    -- 

-4         -4          4  1Q 
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CHAPTER   II. 

DEFINITIONS,  SUBSTITUTIONS,  COMBINING  LIKE  TERMS. 

In*  algebra  we  deal  not  only  with  definite  numbers,  such  as 
those  of  the  preceding  chapter,  but  we  reason  also  about  gene- 
ral numbers,  which  we  represent  by  letters. 

Thus,  no  matter  what  number  is  denoted  by  either  a  or  5, 
we  have 

a  -f  b  —  b  =  a. 

When  we  use  letters  to  represent  numbers,  we  indicate  the 
operation  of  multiplication  by  writing  one  letter  immediately 
after  the  other.  Thus  ab  means  the  product  of  the  number  a 
and  the  number  b. 

We  also  indicate  the  product  of  a  definite  number  and  a 
general  number  by  writing  the  general  number  after  the  other 
with  no  sign  between.  Thus  —  2a  means  the  product  of  -  2 
and  a. 

When  a  number  is  expressed  as  the  product  of  two  numbers, 
each  of  these  numbers  is  called  the  coefficient  of  the  other,  and 
each  is  also  called  a  factor  of  the  product. 

A  coefficient  is  called  a  numerical  coefficient  when  it  is  a 
definite  number,  and  a  literal  coefficient  when  it  is  a  general 
number.  In  the  product  —  4=x,  —  4  is  the  numerical  coefficient 
of  x  ;  in  the  product  of  ax,  a  is  the  literal  coefficient  of  x. 

EXERCISE  7. 


1.  What  is  meant  by  mn  ?   -  6m  ?   +  4n?   3m  ?   -  4mn  f 

2.  If  m  is  +  6  and  n  is  -  3,  what  is  the  value  of  mn  ?    -Qn? 
+  4n?  3m?     -imn? 

3.  State  the  meaning  of  each  of  the  following  sets  of  sym- 
bols :  abc,  ab  +  c,  a  +  bc,  -  2  +  be,  -  26  +  c,   -  26c. 

4.  If  a  is  +  2,  b  is  +3,  and  c  is  -4,  find  the  value  of  abc 

-26  +  c,  - 
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5.  Find  the  value  of  each  of  the  following  expressions,  in 
which    a=+2,    5  =-3,   c=-2,    d=  +  4,    »=+!,    y=—  5, 

' 


(1)  a  +  b  +  c  +  d.  (2)  a  +  b  +  cx  +  dy. 

(3)  ab  —  cd  +  ax-yz.  (4)  ac  -  5c?+  2ic 

(5)  a&c  +  «&e?  +  bed  +  xyz.  (6)  abcx  —  abdy  +  acc&e  -  bcdy, 

(7)  abcdxyz. 

6.  If  the  value  of  +  3x  is  +  30,  what  must  be  the  value  of  x  ? 

7.  When  —  3x  is  +30,  what  is  the  value  of  x  ? 

8.  When  —  3x  is  -  30,  what  is  the  value  of  x  ? 

9.  If  the  value  of  ab  is   +  40,  and  the  value  of  a  is  —  10, 
what  is  the  value  of  b  1 

10.  If  ab  =    —  50,  and  b  =    +  5,  what  is  the  value  of.  a? 

11.  If  abc  =   +  60,  and  a  =    +  2,  and  b  =   -  3,  what  is  the 
value  of  c  ? 

12.  If  abc  —   —  90,  and  a  =   —  9,  what  is  the  value  of  be  ? 

13.  abed  is  equal  to  40,  when  a  =    —l,b=    —  2,  and  c  = 
+  5,  what  is  the  value  of  d  ? 

14.  If  yz  is  equal  to  —  10,  what  is  the  value  of  abyz,  when 
a  =    -  3  and  b  =   +  2  ? 

15.  If  a  +  b  is  equal  to  +  20,  and  b  is  equal  to  -f  6,  what  is 
the  value  of  a  ? 

16.  If  ab  +  cd  is  equal  to  100,  and  ab  is  equal  to  +  40,  what 
is  the  value  of  cd  ? 

17.  If  ab  +  cd  =  60,  and  ab  =  20,  and  c  —    -  4,  what  is  the 
value  of  d  ? 

18.  If  ax  +  by  *=   -  50,  and  a  =   -  4,  b  -   -  10,  and  x  =   -  5, 
what  is  the  value  of  y  ? 

19.  ab  -  cd  =  60,  a  =   +  2,  c  =  +  3,  c?  =   +4,  what  must  be 
the  value  of  j  f 

20o    -  3oj  +  40  =  70,  what  is  the  value  otxt 
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A  collection  of  algebraical  symbols,  that  is,  of  letters,  figures 
and  signs,  which,  when  all  the  operations  indicated  are  carried 
out,  results  in  a  number,  is  called  an  algebraical  expres- 

sion,  or,  shortly,  an  expression. 

The  parts  of  an  algebraical  expression  which  are  to  be  used 
as  addends  in  finding  the  final  value  of  the  expression  are 

called  terms. 

Thus  ax  -  -  by  +  2z  -  36  is  an  expression  of  which  the  terms 
are  ax,  -  by,  +  %z,  -  36. 

Those  terms  which  are  written  with  the  sign  +  (or  with- 
out the  sign)  are  called  positive  terms. 

Those  written  with  the  sign  —  are  called  negative  terms. 

Terms  which  differ  only  in  the  sign  are  called  comple- 
mentary terms. 

Thus  in  the  expression  a  +  3x  -  by  +  by  -  3x,  +  3x  and  -  3x 
are  complementary  terms.  Such  also*  are  —  by  and  +  by. 

An  expression  consisting  of  one  term  is  called  a  monomial : 
as  4ab. 

An  expression  of  two  terms  is  called  a  binomial :  as  2a  +  3c. 
An  expression  of  three  terms  is    called  a  trinomial :    as 
a  4-  b  +  c. 

All  expressions  of  more  than  one    term  are  called  multi- 

lomials,  or  polynomials. 

COMBINING  LIKE  TERMS. 

Two  terms  which  contain  the  same  letters  involved  in  the 
le  way  are  called  like  terms. 

Thus,  +  5m,  +  3m,  —  6m  are  like  terms. 
abc,  4:abc,  —  5abc  are  also  like  terms. 

Consider  the  like  terms  +  5?/i  and  +  3m.  +  5m  means  m 
jpeated  five  times,  and  +  3m  means  m  repeated  three  times, 
[ence,  their  sum  is  m  repeated  eight  times,  that  is  +  8m. 
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Consider  the  like  terms    +  8w  and   -  6?n.    +  8m  means  m 
repeated  eight  times,  and  -  6ra  means  that  the  sign  of  m  is 
changed,  and  the  resulting  number  repeated  six  times.    Hence 
their  sum  is  m  repeated  twice,  that  is  +  2m. 

From  these  examples  we  see  that  two  like  terms  may  be 
combined  into  a  like  term,  whose  numerical  coefficient  is  the 
sum  of  the  numerical  coefficients  of  the  given  terms. 

The  sum  of  -  ftabc  and  +  §abc  is  +  3abc,  since  the  sum  of 
-  6  and  +  9  is  +3. 

EXERCISE  8. 

Simplify  the  following  expressions  by  combining  like  terms  : 


2.  +  Sabc  +  Qabc  -  Sabc. 

3. 

4. 

5.  \x  -  \x  +  \x  -  \x 

6.  \abc  +  f  abc  - 


7.  - 

8.  pq  -  4pq  +  Qpq  +  3p  +  2q. 

9.  ap  +  bq 

10.  3x  -  kx  +  8x  +  1  2xy  -  ±xy  -  IQxy. 

11.  4Qabcd  -  SSabcd  -  I6abcd+  32abcd. 
12. 

13. 

14.  27rrm  -  36nl  +  40Zm  +  ±2nl  -  32mn. 

What  does  mn  mean  1     What  does  nm  mean  1 

15.  +  3  mn  +  knm  +  5mn. 

16.  4:abc  -  5acb  +  Gbca  -  I7cba. 

17.  IS.xyz  +  I  Zayz  -  2Qyzx  -  llzay  +  SOzyx  +  WQazy. 
18. 
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CHAPTER  III. 

ADDITION. 

To  add  +  3x  and  —  4y,  we  merely  write  the  terms,  one  after 
the  other,  with  sign  unchanged  ;  thus,   +  3x  —  4=y. 

Also,  to  add  +3x+2y  and   +6#  —  5y,  we  write  +  3x+'2y 


This  last  result  may  be  simplified  by  combining  the  like  terms 
giving  +  9x  —  3y. 

It  is  sometimes  more  convenient  to  write  the  expressions  to 
be  added,  one  under  the  other,  having  like  terms  in  vertical 
columns.  Thus,  the  above  sum  would  be  written  — 


EXERCISE  9. 
Add  together  — 


2.  14a  +  36;   -Ga  +  26^   -3a-5b. 

3.  Qa  +  7b;  96-13a;  14a  +  66  +  c. 

4.  -3a-26  +  4c;   -  6a-76-  136; 

5.  22x-y  +  Qz;  I2y-I3x;  40a; 

6.  x  +  y  +  z;  y  +  z-x;  z  +  x-y;  x  +  y-z;   —x-y-z. 

7.  x  +  2y  +  3z;  4y  +  5z-Qx;  Vz  +  Sx-Qy;  IQx+lly-  I2z. 

8.  2a  +  b-c-d;  Sa-Qb  +  Ilc  +  d  ;  12a-306;  166  +  13c. 

9.  a  +  b  +  c  +  d;  b  +  c  +  d-a;  c  +  d-a-b;  d+a-b-c. 

10.  I0xy+I3yz;  1  Qyz  +  1  3xy  -  20zx  ;  27xy  +  l2yz  +  zx. 

11.  7  +  I3ab-16bc;  226c-  16a6  +  13;   -17  +  06. 

1  2  ,  pqr  +  abc  -  1  00  ;  45a6c  -  1  Qpqr  ;  1  7  -  pqr  -  abc. 

13.  I4ab  +  %bc  +  \cd  ;     -  ^ab  +  ^bc-  IQcd. 

14.  •25ab--Q3bc+-$cd;  -5bc  -  -lab+'lScd. 

15.  %x  +  \y  -  \z  +  \xyz  ;  x-y  +  z-xyz;  \x  -  \y  -  f  z  +  xyz. 
1  6.  1  3abcd  +  1  4a6cfe  -  1  5bcde  ;  1  2bcda  -  1  56aofe  -  1  Obecd. 
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17.  I7pq+I5qr-I3rp  +  I8rq;  22qr  -  I6rp  +  ISpq  ;    - 

—  4Qpr  —  1  3pq  ;    1  2pq  +  1  3rq  +  1  kqp. 

18.  2  IQxy  -  1  3  20x7/z  4-  1  405.r«/sw  ;    1  QOxyz  -  3QOyx  -  xzyw  ; 
xy  +  xyz  -  xyzw. 

19.  x+y+z+w+a+o;    x-y+z-w+a-b;    a-b  ~x-y 

—  z-w;z  +  w-x-y  +  a  +  l;    -a-b-x-y-z-w;    +  a-b; 

—  x  +  y  —  z  ;    —  w> 

20.  b  +  \c  +  la  ;  c  +  Ja  -  \  b  ;  a  +  §6  -  |c  ;   -  2a  -  26  -  2c. 

SUBTRACTION. 

We  have  already  shown  that  to  subtract  an  algebraical 
number  is  the  same  as  to  add  the  complementary  number. 
Now,  the  complementary  of  any  expression  may  be  obtained  by 
changing  the  sign  of  each  of  its  terms  :  for,  the  sum  of  any 
expression,  and  the  expression  obtained  by  changing  the  sign 
of  each  of  its  terms,  is  zero. 

Hence,  to  subtract  any  algebraical  expression  from  another, 
we  add  to  the  latter  the  expression  obtained  by  changing  the 
sign  of  each  term  of  the  former. 

Thus,  to  subtract  6a  +  46  from  I3a  -  126,  we  must  add 
13a  126  and  Qa  -46. 

This  may  be  done  by  writing  the  terms  in  succession,  as 

13a  -  126-    6a  --  46, 
and  combining  like  terms. 

Or,  as  in  the  case  of  addition,  by  writing  the  like  terms  in 
vertical  columns  ;  thus  :  — 

13o  -  126    . 
-  Qa  - 


-  166  , 

When  the  subtraction  is  performed  in  the  latter  way,  it  is 
usual  to  leave  the  signs  of  the  expression  to  be  subtracted 
unchanged  when  writing  it  under  the  other.  Then  the  signs 
must  be  changed  mentally  when  performing  the  addition. 
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Thus,  to  subtract  Sab  —  Qbc  +  4cfe  from  ISab  -  8bc  —  6de 
we  write 

I3ab  -  8bc  -     Sde 
Sab        Qbc  + 


and  obtain  5ab  —  2bc  — 

EXERCISE  10. 
Subtract  :  — 

1  .  2a  +  36  +  4c  from  Qa  +  55  +  6c. 

2.  a  +  b  +  c  from  2a  -  b  +  c. 

3.  a       b  —  c  from  a  +  b  +  c. 

4.  2sc  -  2>y  -f  43  +  6w  from  IQx  -  y       z        Ww. 

5.  a  +  2b  -  3c  -  4d  from  b  +  c  -  d       a. 

6.  17oj  —  14y  +  20z  from  40x  —  y       z  —  w. 

7.  m  +  n  +  p  from  2m. 

8.  2m  +  3n  —  4p  from  —  £>  +  5m. 

9.  2<z6  +  36c  +  5ca  from  4a6  +  4&c  +  4ca. 

10.  \Qxyz  +  12^^  —  ISzwx  from       '5yzw. 

11.  Subtract  2icy  —  3i/3  +  4^ic  f  rom  3a??/        4y»  +  zx  and 
add  a?y        yz  —  zx  to  the  remainder. 

12.  Subtract  the  sum  of  10£  —   7m  +   3w        p  and  3m     •  n 
+  p        31  horn  121        llm  +  lOn. 

13.  Subtract  from  x  +  y  +  z   the   sum   of   2x  +  y  +  z, 
cc  +  2y        3z  and  —  02  —  y  +  #• 

14.  Subtract  from  ax  —  3bx  +  4:C,x,  the  sum  of        2ax  + 
46ic  —  5c#,  a#  —  3bx  +  6c:r  and  2acc  —  2bx       2cx. 

15.  Subtract  the  sum  of  ax  -  a  +  1,  2ax  -  2a        2,  and 
ax       a        4  from  ax  +  a  +  1. 

BRACKETS. 

We  indicate  that  an  algebraical  expression  is  to  be  added  as 
a  whole  by  placing  it  in  brackets  with  a  +  sign  prefixed. 

Thus,  a  +  (b  +  c)  means  that  the  sum  of  b  and  c  is  to  be 
added  to  a.  But  this  is  the  same  as  writing  down  the  terms 
of  the  expression  to  be  added  with  their  signs  unchanged. 

That  is, 

a  +  (b  +  c)  =•=  a  _+  ^  +  c. 
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From  this  we  see  that  when  a  pair  of  brackets  is  preceded 
by  the  sign  +  ,  the  brackets  may  be  removed. 

Again,  we  indicate  that  an  algebraical  expression  is  to  be 
subtracted  as  a  whole  by  placing  it  in  brackets  with  a  -  sign 
prefixed. 

Thus,  a  —  (b  +  c)  means  that  the  expression  b  +  c  is  to  be 
subtracted  from  a.  But  this  is  the  same  as  writing  down 
the  terms  of  the  expression  to  be  subtracted,  with  their  signs 
changed.  That  is, 

a  -  (b  +  c)   =   a  -  b  -  c. 

Hence  we  see  that  when  a  pair  of  brackets  is  preceded  by 
the  sign  —  ,  the  brackets  may  be  removed  if  we  change  the 
sign  of  each  term  which  was  enclosed  by  the  brackets. 

Sometimes  several  pairs  of  brackets  are  used,  one  pair  being 
wholly  enclosed  by  another  pair.  In  such  cases  the  pairs  of 
brackets  are  made  of  different  shapes  :  — 

{}   H 

In  removing  these  brackets,  it  is  best  to  begin  with  the 
innermost  pair,  and  remove  only  one  pair  at  a  time. 

Thus,  ' 

x  -   {x  -  (2x  -  y)  +  2y.} 

=  x  -  {x  -   2x  +  y  +  2y.} 
=*  K  —  x  +  2x  —  y  — 


EXERCISE  11. 

Remove  the  brackets  from  the  following  expressions  and 
combine  the  like  terms  : 

1.  x  +  (y  -  z). 

,      2.  x  -  (y  -  z).  ^ 

3.  2x       (y  -  3x)  +  (±x  -  4y). 

4.  (3x  -  3y  +  4s)—  (2*  -  2y  +  3z)—  (x  -  y  + 
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5.  (x  y)  +  (y       z)  +  (z  -  x)  +  (x  +  y  +  z). 

6.  x  (y        z)        (z        x)  -  (x  -  y). 

7.  (x  y  +  z)  +  3x       (2y  -  2x)  -  (x  -  y  +  z). 

8.  20  +  (13  -  a)  +  4  -   {  5  -  (6  -  2a)}. 

9.  x  {(y       z)       (z       x)}  -  (x  -  y  +  z). 

10.  2p  -  (3q  +  4r)  -   {2p  -  (3q  +  4r)}   +  p  +  q  +  r. 

11.  a  -   {26  -  3a  -  (4a  -  26)}   +  26  -  3a  -  (4a  -  26), 

12.  3a  +  [76  -   -|5c  ~  (2a  -  6)  +  3c}]. 

13.  a  +  6  +  c  +  c?-[a  -   {&  -  (c  -  c?)}]. 

14.  [2*  ->  -   {3^  +  2y    -    (y  - 


15.  2  -  [2   -'{2  -   (2  -  a)  -  2}    -  2J. 

A  bar  is  sometimes  placed  over  the  terms  which  are  to  be 
considered  as  one  quantity.  Thus,  a  -  6  c  means  the 
same  as  a  —  (b  —  c^. 

16.  2x  -  [2y-  {:'&  -  y  -  (2»  -  y  -  x  -y)  +  2y}-y]. 

17.  a   +    b  +  c  +  d       \a       6+c  +  c?-(6-c        d 

-  I  -  d 


18.  '2x        3y  +  4z  +  3w  -  x        2y       3z  - 

19.  a  -  [  -  2a  -  |  26  -  (2c  -  3a  -  46  -  4c)  -  3a  -  6  }  -  c]. 


20.  1  -         2  -  3~^ 

6  -  a)}]. 

Evidently  any  number  of  terms  of  an  expression  may  be 
enclosed  within  a  pair  of  brackets,  preceded  by  the  sign  + 
without  changing  the  signs  of  the  terms  ;  and  within  a  pair  of 
brackets  preceded  by  the  sign  -  ,  if  the  signs  of  the  terms  are 
changed. 
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EXERCISE  12. 

'  '(,-.. 

Enclose  the  third,  fourth  and  fifth  terms  of  each  of  the 
following  expressions  in  a  pair  of  brackets,  preceded  (1)  by  the 
sign  + ,  (2)  by  the  sign  -  : 

1.  2a  -  b  -  3c  +  4d  -  e. 

2.  a-b-c-d-e+f. 

3.  2x       3y  +  ±z  -  3x  -  3y  +  3z. 

4.  2x  —  y  —  3x  —  ty  —  4:X  -j-  y. 

5.  a  +  b        c  —  a  +  b  —  c. 

6.  2z  -  3y  +  4z  -  5w  +  Qu. 

7.  3a       3b        4c        4ot  -  e. 

8.  26  -  4  -  2c  -  y  +  3z.  .,    ,   ' 

9.  -x  +  y-z-w  +  Qu. 

10.    -  %x  +  \y  -  \z  +  \w  -  \u. 

Enclose  the  third  and  fourth  terms  of  the  following  in  a 
pair  of  brackets  preceded  by  the  sign  - ,  and  then  all  of  the 
expression  after  the  first  term  in  another  pair  of  brackets 
preceded  by  the  sign  —  : 

11.  a  —  b  —  c-\-d-\-e. 
,  12.  2x-3y-±z+  5w. 

13.  x-y+z-3. 

14.  db -\-bc-\-ca-abc. 

15.  —  x-\-y  -  z-\-w. 

16.  -£a+J&-ic+Jrf. 

17.  (a-b)-(c-d)  +  (a+d). 

18.  x  -  (y  -  2z)  -  (z  -  2z)  -  (x-  '2y)+w. 
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CHAPTER  IV. 

MULTIPLICATION. 

We  know  that  the  product  of  two  arithmetical  numbers  is 
the  same,  no  matter  which  number  is  taken  as  multiplier. 

Thus  3  multiplied  by  4  gives  the  same  result  as  4  multiplied 
by  3  ;  and  f  multiplied  by  £  gives  the  same  result  as  £ 
multiplied  by  §. 

Evidently  the  same  wilkbe  true  of  algebraical  numbers  :  for 
the  absolute  value  of  the  product  is  independent  of  the  signs, 
and  the  sign  of  the  product  is  independent  of  the  order  of  the 
factors. 

MULTIPLICATION   OF   MONOMIALS. 

We  have  already  learned  that  the  product  of  two  general 
numbers  is  indicated  by  writing  the  letters  one  immediately 
after  the  other.  In  finding  the  product  of  two  monomials,  we 
have  then  only  to  multiply  the  numerical  factors  of  the  terms 
and  annex  the  literal  factors. 

Thus  (+  4aj)  x  (+ 


And  -  3xy  x    - 

=  +  llxyab.       , 

When  a  literal  factor  is  repeated  in  a  product,  the  number 
of  times  the  factor  occurs  is  indicated  by  a  small  figure 
written  a  little  above  and  to  the  right  of  the  letter. 

Thus  the  product  of  —  4a  and  —  5a  ip  written  4-  20a2. 
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Instead  of  aa  we  write  a2, 


"         aaa         "        a3, 
"        aaaa        "        a4, 


and  so  on. 

(a  4-  b)  multiplied  by  (a  +  £>),  indicated  by  (a  +  b)  (a  +  6), 
is  also  written  (a  +  6)2. 

(a  +  b)  (a  +  b)  (a  +  6),  is  also  written  (a  +  b)3. 
7x7x7x7x7,  is  also  written  75. 

The  products,  a2,  a3,  a4, are  called  the  second,  third, 

fourth, powers  of  a. 

The  number  which  indicates  the  power  is  called  the  index 
or  exponent-  When  a  letter  has  no  index,  1  is  to  be  under- 
stood ;  thus,  a  —  a1. 

The  product  of  a2  and  a3  is  a2  +  3 : 

for  a2  SB  a  a, 
and  a3  =  a  a  a, 
.'.a?  x  a3  =»  a  «  a  a  a 

=  a.5  :  '  . "   £| 

Similarly,  cc3  x  cc5  =  cc8 : 

for  se3  =  x  x  x, 
and  ic5  =  x  x  x  x  x, 
.'.  x3XxP  =  xxxxxxxx 
=  of. 

Hence  we  see  that  the  index  of  the  product  of  two  powers 
of  the  same  letter  is  equal  to  the  sum  of  the  indices  of  the 
factors. 

EXERCISE  13. 

Multiply : 

'       1.    -  3  by  +  4.  2.    -  5  by  -  3. 

3.    -  2  by  -  5.  4.    -  36  by  +  4a. 

5.    —  5x  by  —  3y.  6.    —  2m  by  -  5n. 


ELEMENTARY  ALGEBRA.  73 

7.  -  36  by  +  46.  8.    -  5xy  by  -  3x. 

9.         2mn  by        5mn.          10.    -   362  by  -f  463. 

11.  -  Sor'by  -  3z4.  12.    -  2m10  by  -  5m6.' 

13.  —  4  a  i2  c3  by  —  5  a3  W  c. 

15.  -  f  aP  b3  c4  c?2  by  -f  £  a  62  c  d3  e. 

15.  -  3  x  y  z2,  8  ic3  y2  and  -  T62-  a;3  z2. 

16.  -  2  m2  n3  p2,  3  m  np  q  and  /?  g'. 

17.  -  x,    -  a;  and  -  a;. 

Find  the  value  of  : 

18.  (-  a;)4.  1*9.  (-  2  a  ft)8. 
20.  (-  2a26)3.  21.  (-  3)6. 

22.  (-  2a26)4.  23.  (-  a  62  c3}2. 

24.  (  -  3  a;2  y)2  x  (  -  2  x  y3)2  x  (  -  x  y  z)\  \ 

25.  -  (a3  6  c)2  X  ( -  a2  6c)3. 


MULTIPLICATION    OP    A    MULTINOMIAL    AND  /A    MONOMIAL. 

We  indicate  the  product  of  a  +  b  and  c  by  placing  a  +  b  in 
brackets  and  writing  c  either  immediately  after  it  or  before  it. 

Thus  (a  +  b)  c,  or  c  (a  +  b). 

To  multiply  c  by  a  +  6,  we  must  use  the  quantity  c  as  the 
unit  in  forming  the  expression  a  +  b. 

That  is,  we  must  do  with  c  that  which  we  did  with  +  1  to 
obtain  a  •  and  also  we  must  do  with  c  that  which  we  did  with 
+  1  to  obtain  b  ;  and  then  add  the  two  results. 

Hence  to  find  the  product  of  (a  +  b)  and  c,  we  must  add  the 
product  of  a  and  c  and  the  product  of  b  and  c. 

Thus  (a  +  b)  c  =  ac  +  bc. 

This  result  is  true,  no  matter  what  the  values  of  a  and  b 
may  be. 
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Similarly  it  may  be  shown  that 


—  am  +  bm  +  cm  +  dm  +  .  .  .  . 

Now,  every  expression  may  be  written  in  the  form 

a+b+c+  ---- 

by  enclosing  each  term  in  a  bracket  and  placing  the  sign  + 
before  it. 

Thus  2a5  -  3y  + 


And  the  product  of  this  expression  and  a  monomial,  say 

—  2  x  y,  will  be  obtained  by  adding  the  products  of  each  of 

the  quantities  enclosed  in  the  brackets  and  - 

« 

The  product  is 


Hence  the  product  of  a  multinomial  expression  and  a  mono- 
mial may  be  obtained  by  multiplying  each  term  of  the 
multinomial  by  the  monomial. 

EXERCISE  14. 
Multiply  : 

1.  a  +  b  by  x.  2.  c  -f  d  by  m.          3.  2a  +  36  by  x. 

4.  3c  +  5d  by  m.        5.  2a  +  36  by  4.ce.     6.  3c  +  5d  by  10m. 

7.  2a  +  36by-2x.    8.  3c  +  5c?by  -  3m.  9.  3a-46by-2c. 

10.  2c-4c?by-4.     11.  a  +  6bya.         12.  c  +  dbyd. 

13.  jc2  +  x  by  2«.  14.  -2x2  -  3a;  by  3x. 

15.  a2  +  2cc  +  1  by  x.  16.  a2  -  2a  -  2  by  Sar8. 

1  7.  or*  +  xy  +  y*  by  cc.2  1  8.  cc2  +  xy  +  y*  by    -  xy. 

19.  a2  +  scy  +  y2  by  y2.  20.  2a  +  36  -  4c  by    -  2abc. 

21.  £c2bya;2-2/2.  22.  y2  by  x*-y\ 

23.  -  2icy«  by  x3  +  arfy  +  #22  +  a^«. 

24.  Multiply  a2  +  62  +  c2  —  be  —  ca  —  ab  by  a  ;  also  by  6  ;  also 
by  c.     Then  add  the  three  results. 

25.  Multiply  x*  -xy  +  y*_  by  a?2  ;  also  by  +  xy  ;  also  by  y2. 
Then  add  the  three  results. 
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MULTIPLICATION    OP   MULTINOMIALS. 

To  find  the  product  of  a  +  b  and  c  +  d.  Enclosing  each 
expression  in  brackets,  we  have 

(a  +  b)  (c  +  d)  =  a  (c  +  d)  +  b  (c  +  d). 
But  a  (c  +  d)  —  ac  +  ad, 
and  b  (c  +  d)  =  bc  +  bd. 

.-.  (a  +  b)  (c  +  d)  =  ac  +  ad+bc  +  bd. 
Again, 

(a  +  b  +  c)  (d+e+f) 

=  a  (d+e+f)  +b  (d+e+f)  +c  (d+e+f) 
=  ad+ae  +  af  +  bd+be  +  bf  +  cd+ce  +  cf. 

From  these  examples  we  conclude  that  the  product  of  two 
multinomials  may  be  found  by  taking  the  sum  of  the  products 
formed  by  multiplying  each  term  of  the  one  expression  by 
each  term  of  the  other. 

The  product  of 

2aj+.3y  and 
is  obtained  thus  : 


+ 


And  the  product  of  a  -  36  and  2a  +  46  : 
(a  -36)  (2a 


=  2a2-2a6-1262. 
The  work  is  commonly  arranged  thus1 


a  -36 
2a2  +  4a6  ..........  product  of  2a  +  46  and  a. 

-  6a6  -  1  262  ____  product  of  2a  +  46  and  -  36. 


F      2a2-2a6-1262 
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EXERCISE  15. 


Find  the  product  of  : 

1.  2x  +  3y  and  x  +  2y.  2. 

3.  2a  +  3b  and  a  +  2b.  4. 

5.  2m  +  3n  and  m  +  2n.  6. 

7.  2a-6anda  +  26.  '  8. 

9.  2m  —  n  and  m  +  %n.  10. 

11.  a  +  6  and  2a  +  5.  12. 

13.  a; +12  and  a; +  5.  14. 

15.  x  +  4  and  x  +15.  16. 

17.  x  +2  and  a  +  30.  18. 

19.  a -12  and  a -5.  20. 

21.  x-  4  and  x -1,5.  22. 

23.  x-  2  and  x -30.  24. 

25.  a -12  and  a; +  5.  26. 

27.  a -4  and  a +  15.  28, 

29.  £c-6  and  a; +10.  30. 

31.  x-3  andce  +  20.  32. 

33.  sc  -  2  and  a  +  30.  34. 

35.  x-l  and  x  +60,  36. 

37.  3a;+24and  3x+l.  38. 

39.  3a;  +  12and  3a  +  2.  40. 

41.  3x  +  8  and  3a;  +  d.  42. 

43.  3a-8  and  3#-3.  44. 

45.  x  +  y  and  x  —  y.  46. 

47.  77i  +  n  and  m  —  n.  48. 

49.  2cc  +  y  and  2a;  -  y.  50. 

51.  ab  +  c  and  «6  -c.  52. 

53.  a2  +  62  and  a2  -  62.  54. 
55.  2a2  +  W  and  2a2  -  362.  56. 


3a  +  b  and  2a  +  56. 
3aj  +  y  and 
3/?  +  g  and  2p  + 
3ic  -  2y  and  2x  — 
3m  —  2n  and  3m  —  3n. 
7x  —  4  and  3as  +  5. 
a;+  6  and  x-\- 10. 
a?  +  3  and  a:  +  20, 
x  + 1  and  x  +  60. 
a;-  6  and  x—  10. 
sc  -  3  and  x  -  20. 
a;  -,1  and  x  -  60. 
a;  +  1 2  and  x  —  5. 
aj  +  4  and  a;—  15. 
a;  +  6  and  x  —  10. 
a;  +  3  and  x  —  20. 
a;  +  2  and  x  —  30. 
a;  +  1  and  x  -  60. 
3#-24  and 
3a;+12  and 
3a;  -  8  and  3a;  +  3. 
3a;-10and  3a;-2. 
a  +  b  and  a  —  b. 
p  +  q  and  p  —  q. 
2x  +  3y  and  2a;  —  3y. 
pq  +  6m  and  jo^  —  bm. 
and  a2  -  6c. 

and  Imn  -pqr. 
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EXERCISE  16. 
Find  the  product  of  : 

1.  2x  +  y  +  3z  and  3x. 

2.  2x  +  y  +  3z  and  2y. 

3.  2#  +  y  +  82;  and  3x  +  2y. 

4.  be  +  ca  +  «6  and  a  +  6  +  c. 

5.  x  +  y  +  z  and  a?  +  y  +  z 
Q.  a  +  b  +  c  and  a  +  b  +  c. 

7.  2x  +  3y  +  4z  and  2x  +  3y  +  4z. 

8.  a;2  +  y2  +  z2  -  yz  -  zx  -  xy  and  x  +  y  -f  z. 
$.  a?  +  y2  +  z*  +  yz  -  zx  +  xy  and  a;  -  y  -f  z. 

10.  se2  +  y2  +  «2  -  yz  +  zx  +  a^  and  x-y-z. 

11.  2a2        4  +  6a  +  3a3  and  2a  +  3. 

12.  3x       ±x*  +  x3        6  and  2x  -  3. 

13.  jc3  +  as2  y  +  ^  +  y3  and  x  -  y. 

14.  3m2  +  4  +  2m  +  5m3  and  m2    -  2  +  m. 

15.  1   +  2z  +  3z2  +  4s3   and  3s2  +  2s  +  1. 

An  expression  frequently  consists  of  terms  which  contain 
different  powers  of  the  same  letter. 

It  will  usually  be  found  convenient  to  arrange  all  such 
expressions  according  to  descending  or  ascending  powers  of 
that  letter.  And  in  multiplying  two  such  expressions  con- 
taining powers  of  the  same  letter,  it  is  advisable  to  arrange 
both  expressions  in  the  same  order. 

Arranging  according  to  descending  powers  of  m,  example  14 
of  the  previous  exercise  would  be  worked  in  the  following  way  : 

5m3  +  3m2  +  2m  +    4 

m2  +  m        2 
5m6  +  3m4  4-  2m3  +  4m2 

+  5m4  +  3m3  +  2m2  +  4m 

-10m3        6m2-      4m     -8 


5m6  +  8m4        5m3  -8 

This  arrangement  of  the  terms  makes  easy  the  placing  of 
like  terms  in  vertical  columns. 
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EXERCISE  17. 

Find  the  product  of  : 

1.  2#2  +  3xy  -  4y2  and  $  -  2xy  +  y2. 

2.  «4  +  y?  +  tf  +  x  +  1  and  x>        y?  +  x  -   1. 

3.  4a2  +  962  +  c2  -  36c        2ca        Sab  and  2a  +  36  +  c. 

4.  a;2   -ajy  +  y2  +  a  +  y  +  1  and  x  +  y  -  1. 

5.  a3  +  3a26  +  3a62  +  63  and  a2        2a6  +  b\ 

6.  2c4  -  3^  +  y?        2x  +  1  and  x3  +  2z2  +  2x        1. 

7.  tc3  +  Sx2^  +  3xy2  +  ^andic3  -  3«V  +  Zxy^-if. 

8.  (a;  +  2/)3  (y  +  z)  and  (2;  +  x). 

9.  (a  +  6),  (6  4-  c)  and  (c  +  a). 

10.  (a;  +  2),  (a  +  3)  and  (a;  +  4). 

11.  (a;  -  2),  (x  -  3)  and  (x  -  4).  .  / 

12.  (a;  +  2y),  (a;  +  3y)  and  (»  +  4y). 

13.  (a;  -  22/),  (a;  -   3y)  and  (as  -  4y). 

14.  a?2  +  a;  +  1  and  cc2        x  +  1. 

15.  y?  +  xy  +  y*  and  #2        #y  +  y2- 

Simplify,  by  removing  brackets  and  combining  like  terms  : 

16.  x(x2  +  x  +  1)  -  (x*  +  x  +  1). 

17.  x2  (x*  +  xy  +  y2)  +  y2  (x2  +  xy  +  y2)   -  xy  (cc2  + 

+  y2)- 

18.  3  (2a2        3a  +  1)  +  4&  (a       2)  +  2a2  +  9a       3. 

19.  (3a  +  6)  (2a  +  36)  + (a  +  26)  (2a  -  56  )  +  7(a2  +  62) 

20.  2[2a-3  |a-2(a  +  7)-l}+ 

21.  (a  +  b){2a-(a-b)-b} -a(a 

22.  a 
'.23.  3 

24.  2  (3  (a -b)x  +  ±  (6- c)  y}  -  (2  (a  +  b)x-  3  (6  +  c) 
v    25.  4      a-6a  +      -a  +  6     aj-          -2 
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When  a  factor  is  common  to  all  the  terms  within  a  pair  of 
brackets,  that  factor  can  be  removed  from  each  term  and 
placed  outside  the  brackets. 
Thus: 

(ax  +  bx)  =  (a  +  &)#, 
and  4ra2n        6mw2  +  3mn  =  (4m        Qn  +  3)  ran. 


EXERCISE  18. 

Place  in  brackets  the  terms  which  contain  like  powers  of 
and  then  remove  that  power  of  x  outside  of  the  brackets  : 


2.  2a#  +  5bx  +  ex. 

3.  ax  +  bx  +  ex*  +  e&e2. 

4.  2#  +  3xz  +  5cx  + 

5.  rao^  +  4mnx  +  nx3  + 

6.  2x  +  cxz  +  c/.c  +  e,c2  +  /ic3  +   4,r2. 

7.  «36x  4-  a26.xi2  +  a-x3  4-  ct262o;  +  afcx2. 

8.  2£c-(3,T2  +  ar)  +  (6ar}-cx2)-c^ 

9.  «.x2  -  (bx  4-  c.x>3)  —  (ax  4-  ice2)  +  (ao^3  —  ex). 
10.  3cc  -  a  (2^2-!-  3,rs)  4-  6  (x3  -  .r). 


Use  brackets  to  indicate  : 

11.  The  product  of  x  +  y  and  z. 

12.  The  product  of  x-^-y  and  a  +  b. 

13.  That  the  product  o£a-\-b  and  c  +  c?  is  to  be  added  to  x. 

14.  That  the  product  of  m  —  n  and  m-\-n  is  to  be  subtracted 
from  ra2. 

15.  The  third  power  of  the  sum  of  a  and  b. 

16.  That  the  product  of  the  sum  and  difference  of  a  and  b  is 
equal  to  the  difference  of  their  squares. 
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DIVISION. 
DIVISION  OP  A  MONOMIAL   BY    A   MONOMIAL. 

We  formed  the  product  of  one  monomial  by  another  by 
multiplying  their  numerical  coefficients,  and  writing  after  this 
product  the  literal  factors.  Hence  it  is  evident  that  to  divide 
one  monomial  by  another  we  must  divide  the  numerical 
coefficient  of  the  dividend  by  the  numerical  coefficient  of  the 
divisor,  and  writi)  after  this  the  literal  factors  of  the  dividend 
which  remain  after  removing  the  literal  factors  of  the  divisor. 

To  divide       2Qab  by  +  56. 
Divide  -  20  by  +  5,  and  we  obtain  -  4. 
Remove  b  from  ab,  and  we  obtain  a. 
Hence  the  quotient  is  -  4a. 

To  divide  -    IQabc  by  -  4ac. 

—  16  divided  by  -  4  by  gives  +  4, 
and  ac  removed  from  abc  gives  b. 
Hence  the  quotient  is  +  46. 

To  divide  a5  by  a3. 
Since  a5  =  aaaaa, 
and  a3  =  aaa, 

•  '•  the  quotient  obtained  by  dividing  a5  by  a3 

=  aa  =  <#. 

From  this  we  see  that  if  one  power  of  a  letter  be  divided  by 
another  power  of  the  same  letter,  the  index  of  the  quotient  is 
obtained  by  subtracting  the  index  of  the  divisor  from  the  index 
of  the  dividend. 

To  divide  -  20a3  or8  y  by  +  5a2  x. 
.   —  20  divided  by  +  5  gives  —  4, 
and  a3  y?  y  divided  by  a2  x  gives  axy 
Hence  the  quotient  is  - 
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EXERCISE  19 
Divide  . 

1.  ab  by  a.  2.  ab  by  b.  3.  ab  by  ab. 

4.  Sab  by  a.  5.    +  4a&  by  6.          6.     -  5ab  by 

7.  a8  by  a3.  8.  ie3  y4  by  or2  7/2.       9.  a;2  y3  z4  by  xyz*. 

10.    -Ha8  by  -  2a3.  11.  20x3  y4  by  - 

12.    -40z22/3z4by  -  4cc^2.   13.    -  4a362cd3  by  - 
14.     -  x*yz3  by  rrz3.  15.  Sp^V  by    -  4pq4r. 

16.  72aWby    -  9aZ>2c.          17.  abcpq  by  -apq. 
18.    -aWd2by  -a6c^.        19.  72^  by  -ccy6. 
20.    - 


DIVISION    OF  A   MULTINOMIAL   BY   A   MONOMIAL. 

We  found  the  product  of  a  multinomial  and  a  monomial  by 
multiplying  each  term  of  the  multinomial  by  the  monomial. 
Hence  it  is  evident  that  we  can  find  the  quotient  of  a  multi- 
nomial by  a  monomial  by  dividing  each  term  of  the  dividend 
by  the  divisor. 

To  divide  2ab  —  6«2c  by  —  2a. 

+  2ab  divided  by  —  2a  gives  —  b, 
and    —  6a2c  divided  by  -   2a  gives  +  Sac ; 
.  •.  the  quotient  is  -  b  +  Sac. 

EXERCISE  20. 
Divide  : 

1.  ax  +  bx  +  ex  by  x.         2,  aor8  +  bx*  +  ex1  by  or2. 
3.  2ax  +  Sbx  +  4cx  by  x.    4.  ax*  +  2bx>  +  3cx2  by  or*. 

5.  Sax  +  5bx       46c#  by        x. 

6.  4^0^  +  8bx*       6ca?2  by  —  2x*. 

7.  IQabxy  +  5a"*bx        Ibab^y2  by   -   Sax. 

9.         5abc        Wabd        ISbcdby        56. 
10.  16a362cc?    —  4a263c2c?  —  8abcsd3  +  4a5cc?by 
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DIVISION    OF   A   MULTINOMIAL    BY   A   MULTINOMIAL. 

We  found  the  product  of  two  multinomials  by  multiplying 
each  term  of  the  one  by  each  term  of  the  other  and  taking  the 
sum  of  the  partial  products.  Hence  it  is  evident  that  in 
finding  the  quotient  of  one  multinomial  by  another,  for  every 
term  of  the  quotient  found  we  must  remove  from  the  dividend 
the  product  of  that  term  and  each  term  of  the  divisor. 

Thus,  to  divide  a;2  +  7x  +  12  by  x  +  3.  -  x  - 

It  is  evident  that  x  is  one  term  of  the  quotient. 
Hence  we  must  subtract  aj2  +  3x  from  x2  +  7#  +  12  :  this 
leaves  4x  +  12. 

The  next  term  of  the  quotient  is  +  4. 

The  product  of  x  +  3  and  +  4  is  4=x  + 12, 

.'.  the  quotient  is  x  +  4. 

The  work  is  conveniently  arranged  thus  : 


4a;+12  .- _v> 

A  term  of  the  quotient  may  easily  be  found  if  the  terms  of 
both  the  divisor  and  the  dividend  are  arranged  in  descending 
or  ascending  powers  of  some  common  letter.  Then  the  first 
term  of  the  dividend  divided  by  the  first  term  of  the  divisor 
will  give  a  term  of  the  quotient. 

Hence  it  is  that  to  divide  one  multinomial  by  another  we 
usually  proceed  thus  : 

1.  Arrange  divisor  and  dividend  in  descending  or  ascending 

powers  of  some  common  letter,  and  keep  the  remainder 
after  each  subtraction  in  this  same  order. 

2.  The  first  term  of  the  dividend  divided  by  the  first  term 

of  the  divisor  will  give  a  term  of  the  quotient. 
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3.  Multiply  each  term  of  the  divisor  by  this  term  of  the 

quotient,  and  subtract  the  product  from  the  dividend 

4.  Repeat  these  operations,  taking  the  remainder  as  a  new 

dividend,  until  there  is  no  remainder,  or  one  in  which 
the  highest  power  of  the  common  letter  is  lower  than 

that  in  the  divisor. 
To  divide  #4  -  4:X3y  +  Qx*y^  —  ^xy3  +  y*  by  x*  -  2xy  +  y1. 

x2  -  2xy  +  y*}x  4  —  4:X3y  + 
x4  —  2xsy  + 


-  2xy3 


-  2xy3  +  2/4 


The  quotient  is     x^-^xy 

It  will  be  noticed  that  the  term  +  2/4  was  not  brought  down 
with  the  remainder  after  the  first  subtraction,  as  there  was  no 
like  term  in  the  expression  to  be  subtracted. 


EXERCISE  21. 
Divide  : 

1.  x*  +  3x  +  2  by  x+l. 

3.  x2  +  5x  +  6  by  x  +  2. 

5.  cc2  +  7^  +  10  by  a:  +  5. 

7.  a2-3a  +  2  by  a  -I. 

9.  a2-7a  +  12  by  a  -  3. 
11.  m2-m-2bym  +  l. 


2.  x2  +  4#  +  4  by  x  +  2. 

4.  a2  +  5a  +  4  by  a  -f  4. 

6.  x*  +  7x  +  6  by  x  +  1. 

8.  x2  -  5x-  14  by  x  +  2. 
10.  x*-7x-!S  by  a  -  9. 
12.  c2-  3c  -  18  by  c  +  3. 


13.  a2  + 


15. 
17. 
1  9. 
20. 
21. 


by  a?  +  y.       14.  a?2  +  3xy  +  2y2  by  x  +  2y. 

by  a;  - 


+  5a?y  +  6y2  by  x  +  3y.  16.  x2  -  5xy  - 
bya  +  6.  18.  m2 
by  xy  +  2y. 
by  a?  +  a. 

5  by 
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22.  m6  +  2m5-4w4-2m3+12w2-2m-l  by  m2 

23.  aJ*-2se8-7«a  +  8a:+12  by  a:2-a;-6. 

24.  4/  -  16y6  +  ley4  -  1  by  2«/4  -  4t/2  -  1 

25.  cc4  +  ic2y2  +  2/4  by  x2  +  xy  +  y*. 

26.  2sey  -  3arfy3  -  Oafy2  +  9cey  -  2  by  2afy2  +  3a*/  -  2. 

27.  2aV  +  7«y«  +  SafyV  -  17^  -  15s4  by  afy2  +  ±xyz 
'       -         +  5z2.  '     -. , 

28.  2  +  7ic-8x2-16x3  +  a;4  +  4ic5by  1  +  3x  -  5x*  -  tx3. 

29.  2a6  -  3«56c  +  5aW  -  5a36V  +  5a264c4  -  3a65c5  +  266c6  by 

2a2  -  abc  +  26V.  '  -''A   ; 

30.  m5-m4-llm3  +  4m2  +  4m  +  3  by  m3-3m2-2m-l. 

31.  a2  +  y2  +  2^y  +  2a;+2y+l  by  x  +  y  +  l. 

32.  a2  +  62-2a&  +  2a-26  +  l  by  a-6  +  1. 

33.  a?-ab-  262  -  36c  -  c2  by  a  -  26  -  c. 

34.  2x2  +  5^  -  3y2  -  3x  -  9y  by  2a;  -  y  -  3. 

35.  Z3  +  6Z2m  +  12Zm2  +  8m3byZ2  +  4Zm  +  4m2 

36.  x2  +  y2  +  22  +  23/2;  -  2z#  —  2a?2/  by  a;  —  y  —  z. 


MISCELLANEOUS  EXAMPLES. 
EXERCISE  22. 

.1.  Add  +10,    -7,    -6,    -13  and  +9. 

2.  Multiply  the  sum  of    - 10  and  +6,  by  the  sum  of  -  6 

and  +10,  and  subtract  -  30  from  the  product. 

3.  Subtract  the  sum  of  a  -  26  -  c  and  2a  +  b  -  2c  from  the 

sum  of  b  +  2c  —  a  and  c  —  a  —  26. 

4.  When  x  =  -  3  and  y  =  +  2,  find  the  value  of  ar2  +  2#y  +  y2. 

5.  Multiply  a;6 +  cc5  +  £c4  + a^  +  a^  +  a; +1  by#2-2a;  +  l. 


6.  Add2a  +  36  +  4c,    -  3a  +  b  -  5c,  2a- 
7. .  Multiply  the  sum  of  a2  +  a£>  +  £>2  and  a2  -  ab  +  62  by  a  +  6 ; 
then  multiply  the  result  by  a  -  b. 

8.  Divide  a;4  +  4a;2  +  16  by  £c2  +  2a^  +  4. 

9.  Simplify  16  -  [5  -  (3  -  1  -  (2  -  4)  -  6}  -  8]. 

10.  Find  the  value  of  (3a;  +  2y)3  +  (2aj  +  3y)3  when  x  =  -  y. 
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11.  Find  the  expression  which,  added  to  2x>-  3#-  4,  gives 

the  sum  -  6  -  4#  -  x1. 
1  2.  Multiply  {x  -  (2x  -  3y)  +  iy}  by  x  +  y. 

13.  Divide  1-se5  by  l-x. 

14.  Find  the  value  of 


a  -b}  (b-  c)  (c  -  a) 
when  a  =  1,  6  =  2,  c  =  3. 

15.  If  ax  +  by  =    -10,  when  a-=  +2,  £>«=  -2,  and  £C=+3, 
find  the  value  of    . 


16.  Subtract  (a  +  b)  (c  -  d)  from  (a  —  6)  (c  +  c?). 

17.  Find  the  product  of  x  -  2y,  x-y,  x  +  y  and  x  +  2y. 

18.  Simplify  a  [l  -  2{'2  -  3  (1  -  46)}]. 

1 9.  Divide  x5  -  5xy*  +  4^  by  #2  -  2xy  +  y*. 

a  b  c 

20.  If       —j   -=  -  60,  when  a  =  4  and  6=  -  2,  find  the  value 

a  -p  o 

of  c. 


21  .  Divide  zc6  +  5^  +  1  Ox3y2  +  I  OxY  +  5xy*  +  y5  by  a2  + 
+  2/2. 

22.  Multiply    2a  -  3b  -  3   (a  +  6)  +  4   {2a-(a-6)}   by 


23.  Find  the  value  of  the  product  of  y?-\-xy  +  y2  and  xz  —  xy 

-f-  y2,  when  cc  =  -  -  1,  and  y  =  -f-  2. 

a        6         c 

24.  Find  the  value  cf  -/•+  —  +  —   when  a=  +  2,  6  =  -  2 

6        c         a 


25.  If  ab  =  24,  and  be  =  36  and  a&c  =  144,  find  the  values  of 
a,  b  and  c. 
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CHAPTER  V. 

IMPORTANT   RESULTS    IN    MULTIPLICATION   AND    DIVISION. 
FACTORS   AND   MULTIPLES. 

To  find  the  square  of  a  binomial : 

(1)  (2) 

a+b  a-b 

a+b  a-b 


a?  +  ab  a2  -  ab  ' 

+  ab  +  6*  -  ab  +  62 


a2  +  2a&  +  62.  a2  - 


From  the  first  example  we  see  that  the  square  of  the  sum 
of  two  numbers  is  equal  to  the  sum  of  .the  squares  of  the  num- 
bers, increased  by  twice  their  product. 

From  the  second  example  we  see  that  the  square  of  the 
difference  of  two  numbers  is  equal  to  the  sum  of  the  squares  of 
the  numbers,  diminished  by  twice  their  product. 

Or,  remembering  that  the  sign  forms  a  part  of  the  term,  we 
may  say  in  each  case,  that  the  square  of  a  binomial  is  equal 
the  sum  of  the  square  of  each  term,  and  twice  the  product  of 
the  terms. 

EXERCISE  23. 

Find,  without  ordinary  multiplication,  the  square  of  each  of 
the  following  binomials  : 

1.  x  +  y.  2.  y  +  z. 

3.  m  +  n.  4-  "2x  +  y, 

5.  2y  +  3z.  6.  3m  + 

7.  x  -  y.  S.  y  -  z. 

9.  m-n.  10.  2x-y. 
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11.  2y-3«  12.  3m  -4n. 

13.  2p  +  q.  14.  ab  +  c. 

15.  ab+2c.  16.  7ab  +  o. 

17.  2xy  +  5.  18.  3ran-4a. 

19.  aj  +  f  20.  cc  +  §. 

21.  2«  +  |.  22.  2a-£. 

23.  2a  +    &.  24.  3m  + 


25.  4z2/  +  --        ^ 

27.  2x2-.  28.  2- 


29.  20  +  3.  30.  30  +  2. 

31.  60  +  1.  :         32.  100+3. 

33.  102.  34.  105. 

35.  100}.  36.  99J. 

37.  1003.  38.  2000}. 


39.  What  term  must  be  added  to  £e2  +  2/2  to  form  the  square 
of  x  +  y  ? 

40.  What  term  must  be  added  to  cc2  +  y2  to  form  the  square 
of  x  —  y  ? 

41.  What  term  must  be  added  to  x*  +  2xy  to   form   the 
square  of  x  +  y  1 

42.  What  term  must  be  added   to  cc2  +  ±xy  to  form  the 
square  of  x  +  2y  ? 

43.  Form  a  complete  square  by  adding  a  term  to  #2  -  lOa;. 

44.  Form  a  complete  square  by  adding  a  term  to  4ie2+  12a?. 


EXERCISE  24. 

Express  each  of  the  following  as  the  square  of  a  binomial : 
1.  ar2  +  2»y  +  2/2.  2.  xt- 

3.  «2  +  2a6  +  62.       >  4.  c2- 

5.  a?  +  ±x  +  42.  6.  ic2  - 


88  ELEMENTARY  ALGEBRA. 


7A.*Y*  -I-  A'V  -i-  8 

•         *i*/          |^     JttAs      |^    J.  •  V« 

9.  a2  +  2a5c  +  £>2c2.  10. 

ni   /*       *)            O           i      1  "1   £"fc 

.   Ivy*  —  8y  +  l.  12. 

ar8  4m2     4m 

9a,-2  16 

15. 


a;2  v2 

17.    _+2  +   v  18. 


1Q      9^/»2       9/»  _L    1  9H      /x» 

1«7.     &O(M    •  -  aUi  -p  tf-f,  4\J.     (U 

21. 

22. 


EXERCISE  25. 

Make  a  square  by  adding  a  term  to  each  of  the  following, 
and  state  the  expression  of  which  each  is  then  the  square. 

1.  m2  +  2mn.  2.  p^+Zpq.  3. 

4.  m2  +  6m.  5.  p2  +  &p.  6. 

7.  m2  —  2?/in.  8.  jo2  —  'Zpq.  9. 

10.  m2-6m.  11.  p*-Sp.  12. 

13.  a;2  — 16a;.  14.  y2  +  2y.  15. 

16.  a:2  +  3a:.  17.  y2-%-  18. 

19.  arV  +  4a?y.  20.  4a262  +  8a6.  21. 


22.  16ary-2ay.    23.  -^  +  x. 

25.  m2  +  n2.  26.  p*  +  q\  27.   1+a2. 

28.   l-2a.  29.  9  + 6m.  30.  64a2+16a. 

31.  4mw  +  l.  32.  6m2w  +  m2n2.        33. 

34.  x*  +  bx.  35.  a2  +  2c#.  36. 

37.  4^2  +  6a;.  38.  4ar>  +  l.  39. 

40.  l  +  4a;2.  41.    -2  +  *2.  42. 
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To  find  the  product  of  the  sum  and  difference  of  two 

numbers. 

» 

a  +  b       ......  sum  of  a  and  b. 

a  —  b       ......  difference  of  a  and  b. 


-ab-V 
a2  -  62  ......  difference  of  squares  of  a  and  b. 

From  the  above  example  we  see  that  the  product  of  the 
sum  and  difference  of  two  numbers  is  equal  to  the  difference 
of  the  squares  of  the  numbers. 

EXERCISE  26. 
Write  the  product  of  : 

1.  x  +  y  and  x  —  y.  2.  m  -f  n  and  m  —  n. 

3.  b  +  c  and  b  -  c.  4.  b  +  2c  and  b  -  2c. 

5.  2m  +  n  and  2m  -  n.  6.  2m  +  3n  and,  2m  -  3n. 

7.  x  +  7  and  x  -  7.  8.  x  +  4  and  x  -  4. 

9.  x  +  1  and  a;  -  1.  10.   1  +  x  and  1  -  x. 

11.   1  +  2a;  and  1  -  2x.  12.  3  -  2a  and  3  +  2z. 

13.  2a6  +  c  and  2a6  -  c.  14.  a&  +  2c  and  ab  -  2c. 

15.  4Am  +  5p  and  4Am  -  5p.    16.  2a£>  +  J  and  2«6  -  J. 
17.  a2  +  ft2  and  a2  -  62.  .18.  2a2  -  6c  and  2a2  +  6c. 

19.  (a  +  ft)  +  c  and  (a  +  6)  -  c.  20.  a  +  6  +  c  and  a  +  b  —  c, 

21.  (2a  +  6)  +  2cand  (2a  +  6)-2c. 

22.  2a  -f  36  +  2c  and  2a  +  36  -  2c. 

23.  l  +  m  +  n  and  l-m+n. 
2A.  2a  -  b  +  3c  and  2a  +  6  +  3c. 

25.  a  -  6  +  c  and  a  +  6  -  c, 

26.  2a  -  b  +  3c  and  2a  +  6  -  3c. 

27.  a^  +  ai+l  and  a;2  -a  +  1. 

28.  a2^  -f  aa;  -f  1  and  a2ar*  —  ax  +  1. 

29.  yp  +  xy  +  y*  and  a?-xy  +  y2. 

30.  l+*  +  a:2,    1-a  +  sc2   and 
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Conversely,  we  can  always  find  the  two  factors  which  give 
a  product  of  the  form  a2  —  b2.  That  is,  if  an  expression  can  be 
written  as  the  difference  of  the  squares  of  two  numbers,  the 
expression  is  the  product  of  the  sum  and  difference  of  those 
two  numbers. 


Thus, 


and 


=  (ax)*  - 

=  (ax  +  by)  (ax  -  by), 


Also  a2 


=  (a  +  b  +  c)  (a  +  b  -  c). 
And    a4-  6*  =  (a2  +  62)  (a2  - 


EXERCISE  27. 


Find  the  factors  of  : 


1.  c2-rf2. 

4.  aV-y2. 

7.  4m2  -n2. 

10.  4  -a;2. 

13.  4a2fc2-a:y. 

16.  49a262c2  -  9. 

19.  25- 

22.  a6- 


25.  16  -a4. 

28.  68c8-256. 

31.  272-232. 

34. 

36. 

38.  a2- 

40.  a2  - 


2.  m2-n2 
5.  x2-2/V. 
8.  9p2-4?2. 

11.  9-4y2. 

14.  a4-  9. 

17.  aW  -  d*. 

20.  l-25pV. 

23.  a4-64. 

26.  625»4-2/4. 

29.  x*-y<. 
32.  1032-972. 


3. 

6. 
9. 

12.  1- 


15.  16  -y\ 

18.  1  -  16a262c2. 

21.  81a2-2564. 

24.  a8-68. 

27.  - 


37.  a2  -  tab 


a  -     - 


30.  a868-c8. 
33.  2202-25. 


-  4c8. 


-  c2. 


41. 
43. 
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44.  a2  -  2a6  +  62  -  c2  -  2cd-  d\ 

45.  a2- 

46.  9- 

47.  a?- 

48.  4a2  -  962  +  c2  - 

49.  (ar>  +  2/2)2-ary. 

50.  a*  +  *y  +  y4.  51.  a;4-f.a;2+l. 


To  find  the  product  of  two  binomials  which  have  a  com- 
mon term. 

Consider  the  following  products : 
a:  +5  x  -  5 

x  +7  x  -7 

a?-5x 
-7a;  +  35 


x  —  5  05+5 

x  +7  a;  -7 


a;2  -  5a3  a;2  +  5a; 


a;2  +  2a:  -  35.  a2  -  2a:  -  35. 

We  see  that  the  product  consists  of  three  terms : 

(1)  The  square  of  the  common  term. 

(2)  The  product  of  the  common  term  and  the  sum  of 

the  unlike  terms. 

(3)  The  product  of  the  unlike  terms. 


EXERCISE  28. 

Find,  without  ordinary  multiplication,  the  product  of 
1 .  x  -f  2  and  x  +  3.  2.  x  +  3  and  x  +  5. 

3.  x  +  7  and  x  +  11.  4.  03 -2  and  #-3. 

5.  x-  3  and  x -5.  6.  as- 7  and  #— 11. 
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7.  # -f  2  and  a:  -  3.  8.  aj  +  3  and  a; -  5. 

9.  a  +  7  and  ic-11.  10.  x-  2  and  x + 3. 

11.  oj-3  and  x  +  5.  12.  x -7  and  x  +  11. 

13.  m  +  9  andm-7.  14.  c?+9  and  c?-7. 

15.  y  +  9andy-7.  16.  mn  +  9  and  mn -  7. 

17.  efe  -  9  and  de  +  7.  18.  yz  +  9  and  yz  -  7. 

19.  2x  +  3  and2a-5.  20.  3y  +  ll  and  3y- 7. 

21.  3z  -  6  and  3z  -  8.  22.  4mn  -  6  and  ±mn  +12. 

23.  3abc  +  7  and  3a5c  -  9.  24.  4afy  +13  and  4afy  -  5. 

25.  3«2y  +  7  and  3a2y  +  17.    26.  x  +  3  and  x  +  3. 

27.  m  +  llandm  +  11.  28.  2x  +  5  and  2x  +  5. 

29.  2m  +  7  and  2m  +  7. 

When  the  unlike  terms  are  not  definite  numbers,  their  sum 
may  be  indicated  and  used  as  one  quantity  by  placing  in 
brackets. 

Thus: 

x+a  x—a 

x  +  b  x-b 

x*  —  ax 
-bx  +  ab 


or,  a?  —  (a  +  6)  x  +  ab 
x+a  x—a 

x-b  x+b 

3?  +  ax  y?  -ax 

—  bx-ab  +bx  —  ab 


a  -  b)x  -ab 

or,  cc2  —  (a  -  b)  x  —  ab 

EXERCISE  29. 
Write  the  product  of  : 

1.  x  +  a  and  x  +  2a.  2.  x  +  36  and  x  +  46. 

3.  x+2a  and  x  —  4a.  4.  x  —  36  and  x  +  46. 

5.  2a;  +  a  and  2x  +  3a.  -         6.  3x  -  46  and  3x  +  76. 
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7.  4:inn  +p  and  4mn  —  2p.     8.  abc  -  2x  and  abc  +  5x. 

9.  a;  -f  %  and  a?  -  5y.  10.   3#  +  2y  and  3x  —  5y. 

11.  2x2  -  9a  and  2a2 -  7 a.      12.  3a3+  106  and  3a3-  106. 

13.  lO^rarc.  +  5x  and  10/mn  —  9oj. 

14.  xy  +  z  and  xy  +  w. 

15.  (a  +  b)  +  2  and  (a  +  6)  +  3. 

1 6.  (w  +  n]  +  5  and  (m  +  n)  -  6. 

17.  (2m  +  n)  +  10and(2m  +  ^)-15. 

18.  a  +  b  +  3  and  a  +  b  +  4. 

19.  m  +  n  +  10  and  m  +  n  —  7. 

20.  -  a?  +  7  and  -  a  -  9. 

21.  —  4mn+lland  —  4mn  — 5. 

22.  -a  +  6  +  3and    -a  +  b-10. 

23.  #  +  2y  4-  30  and  a;  +  2y  -  8». 

24.  2z+2z  -  3y  and  2x  -  50  -  3?/. 

25.  2mn  +  4  +  3p  and  2mn  -7  +  3p. 

Conversely,  we  can  find  the  two  factors  which  give  a  pro- 
duct of  the  form  a;2  +  9#  +  1 4,  if  we  can  find  two  terms  which 
(1)  added  together  give  the  co-efficient  of  x,  (2)  multiplied  to- 
gether give  the  third  term. 

Thus,  to  find  the  factor  of  y?  +  9#  +  14,  we  must  find  two 
numbers  which,  added  together,  give  +  9,  and  multiplied  to- 
gether give  +14. 

By  trial,  we  find  the  numbers  to  be  +2  and  +  7. 

Hence,  a2  +  9z  +  14  =  (x  +  2)  (x  +  7). 

Again,  to  find  the  factors  of  set—  9«  —  22,  we  must  find  two 
numbers  whose  sum  is  -  9,  and  whose  product  is  -  22. 

Since  the  product  is  a  negative  number,  the  required  num- 
bers have  different  signs. 

And  since  their  sum  is  —  9,  the  absolute  value  of  the  nega- 
tive  one  is  greater  than  that  of  the  other  by  9. 

Hence  the  numbers  are  —  1 1  and  +  2. 

Therefore,  a2  -  9x  -  22  =  (x  -  11)  (x  + 
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To  find  the  factors  of  a?2  —  5ax  —  56a2. 

The  sum  of  the  two  unlike  terms  is  —  5a, 

and  their  product  is  -  36<z2. 
Hence  the  two  terms  are  —  9a  and  +  4a. 

.  •.  a?2  —  5ax  —  36a2  =  (x  —  9a)  (x  +  4a). 

When  simple  factors  of  an  expression  of  the  form  a;2  +  Sx  + 
12  can  be  found,  we  may  always  proceed  as  in  the  following 
examples,  where  we  write  the  expression  to  be  factored  as  the 
difference  of  two  squares. 


16  +  12  -16 


TV" 

—  AT  —  1  7    i    23\   /~  _.  1  7         83\ 

-  \^b  -  — g~  T  —fj  \^>     --%-     Tr"/ 
«(a;  +  3)(aj-20). 

EXERCISE  30. 
Find  factors  of  : 

£c  +  4ic  +  3 

7.  y2+  10i/  +  21.  8. 

9.  2/2  +  122/  +  20.  10. 

11.  2/2-6y  +  8.  12. 

13.  m2-8m+16.  14. 
15.  m2- 10m +  21.                 .  16.  m2- 10m+ 16. 

17.  m2- 10m +  25.  18.  m2-10m  +  9. 
19.  «2-14a  +  24.          ;~         20.  a2-10a  +  24. 

21.  a2  +  14a  +  24.  22. 
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23.  ?n2n2  +  6mri  +  8.  24.  p^g*  -  4pq  +  3. 

25.  a2™2  -8am  +  12.  26.   aW  +  12am+  11. 

27.  oy«a-20ajy«  +  51.  28.  a262-  20a&  +  19. 

29.  «2  +  4a-12.  30.  62-4&-12. 

31.  m2-  27?i-63.  32.  w2  +  2m-63. 

33.  a2-4r-21.  34. 

35.  2/2  +  62/-27.  36. 

37.  «2  +  4a-32.  38. 

39.  x2-5a  +  6.  40. 

41.  62_76  +  io.  42. 

43.  a2sc2  +  3oa;-70.  44. 

45.  «2  +  3a&  +  2&2.  46. 

47.  c2-15c^-16^2.  48. 

49.  rc2-17£cy-602/2  50.  x*+  Ylxy- 

51.  4ic2+12a;-f5.  52.  9^  +  36^+35. 

53.  (a  +  6)2  +  8(a  +  6)-f  12.    54.  (m  +  n)2+  11  (m  +  n)  -  12. 

55.  (a  +  6)2-5(a  +  6)c-14c2. 

56.  (a  +  Vf  -  5c  (a  +  b)  +  6c2. 

To  find  the  square  of  a  trinomial. 

Consider  the  expression  a  +  b  +  c.  "We  can  put  it  in  the 
form  of  a  binomial  expression,  if  we  place  two  of  the  terms 
within  a  pair  of  brackets,  Hence  we  can  find  its  square 
thus  : 


Similarly, 


=  (x2  -  2a)2  +  2  («2  -  2o:)  3  +  31 

9 
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Or,  since  in  finding  the  square  of  any  expression  we  mul- 
tiply the  whole  expression  by  each  term,  and  take  the  sum,  it 
is  evident  that  in  forming  the  square  of  any  expression  we 
take  the  square  of  each  term,  and  twice  the  product  of  every 
two  terms. 

To  make  sure  that  we  take  twice  the  product  of  every  pair 
of  terms,  we  may  perform  the  operation  in  this  way  :  take 
twice  the  product  of  each  term  and  all  terms  which  follow  it. 

EXERCISE  31. 

Write  the  square  of  : 
1.  x  +  y  +  z.  2.  x  +  2y  +  z.  3.  x  +  2y  +  3z. 

4.  x  -  y  +  z.  5.  x  +  2y  —  z.  6.  x  —  2y  -  3z. 

7.  a  +  b  +  c  +  d.    8.  a  -  b  +  2c  -  3d.     9.  2x  -  3y  +  ±z  -  5w. 

10.  x2  +  x+l.       11.  x2  +  xy  +  y\  12.  x*  +  2xy  +  yz. 

13.  sx*  +  a?  +  x+l.  14.  x*-x*  +  x-l.  15.  a3  +  3a?b  +  Sab*  +  b5. 

Find  the  expressions  of  which  the  following  are  the  squares: 

16.  a1  +  2ab 

17.  a2  - 

18.  a-2  +  4xy  +  4?/2  +  Qxz  +  1  tyz  +  9z2. 

19.  4a2  -  ±xy  +  y2  -  I2xz  +  Gyz  +  $z\ 

20.  a2-2a&  +  &2-2a  +  26  +  l. 

To  find  the  cube  of  a  binomial  : 

By  actual  multiplication  we  find  that  (a  +  b)3  =  a3  -\-  3a?b  + 


Since  every  binomial  may  be  put  in  the  form  a  +  6,  we  are 
able  to  write  out  its  cube  without  the  ordinary  process  of 
multiplication. 

Thus:  , 


=  a?  -  3a?b  +  3ab2  -  bs. 
And  (2x  +  3y)3  =  (2z)3  +  3  (2V  (  +  8y) 
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Also  (2aj  -  Sy)3  -  (2*)3  +  3  (  +  2*)2  (  -  3y)  +  3  (  +  2a?)  (  -  3y) 


EXERCISE  32. 
Expand  : 

1.  (x  +  y)z.  2.  (.T-2/)3.  3. 

4.  (a?-2y)»,  5.  (3*  +  2y)3.        6.  (3a-2b)3. 

7.  (se  +  4)3.  8.  (2x  +  l)3.          9.  (1  -  2x)3. 


m  3 
10.    2z  +  33.  11.    2-3a;3.        12.    2-- 


13.     (a  +  b)  +  c3.  14.  (0,  +  b  +  c)3.     15.  (a  +  b-c) 
16.  (a?  +  2y  +  3z)3.   17.  (2a;-y  +  «)3.   18.  (1- 

Consider  the  following  multiplications  : 

(1)  (2) 

a?  +  ab  +  b*  tf-ab 

a  -b  a  +b 


_  a?b  -  ab*  -  bs  +a?b-abz+bs 


We  may  write  the  results  thus  : 

(a-b)(a?+ab+b2J  =  as-b*. 
(a+b)(a?-ab  + 


EXERCISE  33. 
Multiply  : 

1.  (aJ  +  y)(a32-^2/  +  i/2).  2.  (aj 

3.  (c  +  d)  (c2  -  c^  +  c^2).  4.  (a  -  c)  (a?  +  ac  +  c2). 

5.  (2x  +  a)  (4a2  -  2xa  +  a2).  6.  (2a  -  c)  (4a2  +  2ac  +  c2) 

7.    2a  +  6     4a2-2a£  +  Z>2.  8. 


9.  (2a+  3&)(4a2-6a&-f962).10.  (a  -  J  )  (x*  +  ~  +  J). 

o 

11.    «  +       aj»--.  +     .        12. 
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13.  (ac+b*)(aW-ab*c  +  b*).  14. 
15.  (4a+l)(16z2-4tf+l).    16. 

17.  (2m  +  3n)  (4m2  -  6mn+9ra2). 

18.  (a2-!)  («4+a2+l).         19.  (1+a2)  (l-a2+a4). 


Complete  the  following  statements  by  writing  the  necessary 
factors  : 

21.  (x+y)  (         )  =  s»+y», 

22. 

23. 

24. 

25.  (1  -  2a2)  ( 

26. 

27. 

C\  C\         /         *>     I  9\     /  \  ^  Q 

/X      1 i>j^  — I—  mm  -4-  <w^l  I  i    —    vn^  —  *n^ 

A  O»      I  II v        \     I vl iv     1^    Iv     I    I  I      -^      //I*  iv  • 

31.  (9m2-3w+l)(         )  =   27m3+l. 

32.  (1  +  4/W+  16//42)  (         )  =  1  —  64m3. 

If  an  expression  can  be  written  as  the  sum  or  difference  of 
the  cubes  of  two  numbers,  it  can  readily  be  shown  to  be  the 
product  of  two  factors. 

Thus, 


+  3y) 
And,  125m3n3-l 


+  5mn  +  1  . 


EXERCISE  34. 
Find  factors  of  : 

1.  p*  +  q3.  Z.pt-q*.  3. 

4.  ps-Sq*.  5.  8/?3  +  27^3.  6.  27m3-l. 

7.  8-125^.  8.  lOOOa6-.  9. 
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10.  «3  +  &V.  11.  (a  +  6)3  +  c3.         12.  as 

13.  (a  +  bf-c*.          14.  a?-(b  +  c)3.         15.  a3 
16.  a?-(b-c)\         17.  a3  +  3a2b  +  3ab*  +  b3  -  c\ 

18.  a?  -  bs  -  We  -  36c2  -  c3. 

19.  27-a3-3a2&-3a&2-63. 

20.  Show  that  a:  +  y  is  a  factor  of  (x  -  3)3  +  (y  +  3)3. 
2  1  .  Show  that  x  +  ?/  is  a  factor  of  (6#  +  5y)3  +  (4#  + 

22.  Show  that  x  -  y  is  a  factor  of  {  (a  +  1  )#  +  by  }  3  -  {  (ax  + 


23.  Show  that  a:  +  y   is  a  factor  of  {(1  - 


24.  Express  a;6  -  1  as  the  product  of  four  factors. 

25.  Express  64  -  y6  as  the  product  of  four  factors. 

26.  Show  that  x  +  y  is  a  factor  of   {(1  -m)  x+py  +  qz 


We  have  showa  how  to  find  the  factors  of  a  trinomial  of 
the  form  x2  +  mx  +  n,  t^y  arranging  the  expression  as  the- 
difference  of  two  squares. 

The  same  method  may  be  applied  in  finding  the  factors  of  a 
trinomial,  such  as  8#2  +  22tc  +  15. 

For, 


-8(«  +  |)  (*  +  £) 
=  (2a;+3)(4^ 

Also,  5«2-12a  +  4 


=  5(a-|)(a-2) 
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EXERCISE  35. 
Factor  : 

1.  6x*  +  5x  +  I.  2. 

3.  6x*-x-2.  ',  ,\  4. 

5.  5a?+l2xy  +  4y*.       •  /  6.  562  -  1  26c  +  4c2. 

7.  5c2-8cd-4d2.         ';'  8.  5ic2  +  12x2/  +  42/2 

9.   12a2  +  a-20.          "  10.   12a2-a-20. 

11.   12a2-31a  +  20.  12.  12a2-j-53a+  20. 

13.   12a2-43a-20.  14.  12a2- 

15.  8x*  +  22xy  +  I5y\        '  16. 

17.  8a2-2^-15&3.     t  18. 

19.  50o;2  +  51ic+l.  20. 


A  simple  factor  is  one  that  cannot  be  resolved.  Such  as, 
3,  —  5,  «,  x  —  y. 

A  common  factor  of  two  or  more  algebraical  expressions 
is  an  expression  which  will  exactly  divide  each  of  them,  and 
the  highest  common  factor  is  the  product  of  all  the  com- 
mon simple  factors. 

Highest  common  factor  is  denoted  by  the  letters  H.C.F. 

The  common  simple  factors  of  4a25c2  and  6ab2csd,  are  2,  at 
5,  c  and  c. 

Hence  the  H.  C.  F.  of  4a2£c2  and  QabWd  is  2a6c2. 

Also  the  common  factors  of  6  (a2  -  &2)  and  8  (a2  -  2ab  +  b2) 
are  2  and  a  -  b. 

Hence  their  H.  C.  F.  is  2  (a  -  b). 


EXERCISE  36. 
Find  the  H.  C.  F.  of  : 

1.  ab2  and  a?b.  2.  abc2  and  a?bc. 

u      3.  m3wandm2  '    4.  abWd*  and  aWd. 

6.  6a263c  and  9a63c3t  6.  24#2y  and  36ory. 
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7.  ISafyV  and  25  yV.          8.  HoW  and  7b5cs. 
9.  4a&,  6a2£2c  and  1263c2.      10.  aV,  20aV  and  10a5. 

11.  a2  +  5a+6  and  a2  +  4a  +  3. 

12.  <e2  +  5#  +  6  anda^  +  3a;  +  2. 

13.  6  (o;2-  17* +  70)  and  8  (or2  -  3#  -  28). 

14.  a2  +  6a&  +  862an 

15.  a?  +  10a#-242/2  and  xz  - 

16.  «2  +  3a;y  +  22/2an 

1 7.  3a2  -  4a&  +  *»  and  4a2  - 

18.  (a  +  Vf  -  c2  and  (a  +  c)2  - 

19.  «2  +  5a;+4,  a;2-}  and  0^ 

20.  z3  +  y3,  «2  +  2»y  +  2/2  and  aj2  -  y2. 


A  common  multiple  of  two  or  more  algebraical  expressions 
is  an  expression  which  is  exactly  divisible  by  each  of  them, 
and  the  lowest  common  multiple  of  the  expressions  is  that 
cjornmon  multiple  which  has  the  least  number  of  simple 
factors. 

Lowest  common  multiple  is  denoted  by  the  letters  L.  C.  M. 

The  L.C.'M.  of  4a26c2  and 
is  12aWd' 

Also,  the  L.  C.  M.  of 

6  (a2  -  i2)  and  8  (a2  -  2a6  + 
that  is,  of  6  (a  -  b)  (a  +  b)  and  8  (a  -  b)  (a  -  6) 
is  24  (a  -  by*  (a  +  b). 


EXERCISE  37. 

Find  the  L.  C.  M.  of  : 

1.  a?bc  and  ab\  2.  3msn  and  4w2n2. 

3.  8xy*s?  and  6y«V.  4.  5a262c2  10a&3c5  and  15a56 

5.  a2  -  b2  and  (a  +  6)2.  6.  (a3  +  b3)  and  (a  +  6)2. 
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7.  4^-1  and  4#2  +  4z  +  l.     8.  z2  -  4  and  or5  +  8. 
9.  6  (W-  1)  and  b  (6  +  1).'     10.  o^  +  y3  and 

11.  «2  +  5z  +  6  and  x2  +  7«+  12. 

12.  z2 


1  TT»  +^J,    ~~*  tA/  *™~  O  ctXlCL  TT*C    ""• 

15.  a2  +  6a6  +  962  and  a2  +  7a6  +  1262. 

16.  6«2  +  x  —  1 2  and  4of  -1-  4x  -  3. 

18.  (a  +  &  +  c)2  and  (a 

1  f^  2          2^9  9          rt 

* 

20.  x2  +  4x  +  4,  x2  +  5a;  -f-  6  and  se2  +  6.T  +  9. 
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CHAPTER  VL 

SIMPLE     EQUATIONS. 

An  equation  is  a  statement  that  two  expressions  are  equal 
Thus  2x  +  3  =  2>x'}  or,  x  (x  -  4)  =  x*  -  4#. 

The  two  expressions  which  are  stated  to  be  equal  are  called 
the  members  or  sides  of  the  equation. 

Equations  are  commonly  divided  into  two  classes :  identical 
equations  and  conditional  equations. 

An  identical  equation,  or  an  identity,  is  one  of  which 

the  two  sides  are  equal  whatever  numbers  the  letters  stand 
for.     Thus,  x  (x  -  4)  =  x2  -  4#. 

A  conditional  equation  is  one  of  which  the  two  sides  are 
equal  only  when  the  letters  stand  for  particular  numbers. 
Thus,  2x  +  3  =  3x,  is  true  only  when  x  stands  for  3. 

The  term  equation  when  used  without  any  qualifying  word 
usually  means  a  conditional  equation. 

A  letter  which  must  have  a  particular  value,  in  order  that 
the  statement  of  equality  may  be  true,  is  called  the  unknown 
quantity.  And  the  value  of  this  unknown  quantity  is  the 
number  which,  when  substituted  for  it,  will  satisfy  the  equa- 
tion. This  value  is  called  a  root  of  the  equation. 

To  solve  an  equation  is  to  find  the  root,  that  is,  the  value  of 
the  unknown  quantity. 

In  the  equation  2x  +  3  =  9, 

%Ax  +  3  is  the  left-hand  member,  or  side, 
9  is  the  right-hand  member,  or  side, 
x  is  the  unknown  quantity, 

3  is  the  value  of  x,  which  satisfies  the  statement, 
and  therefore  3  is  the  root  of  the  equation. 
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A  simple  equation  is  one  which  contains  only  the  first 
power  of  the  unknown  quantity. 

The  unknown  quantity  is  usually  denoted  by  the  letter  x, 
although  any  other  letter  would  do  equally  well. 

In  solving  equations,  the  following  axioms  are  assumed  : 

If  equals  be  added  to  equals  the  sums  are  equal. 

If  equals  be  taken  from  equals  the  remainders  are  equal. 

If  equals  be  multiplied  by  equals  the  products  are  equal. 

If  equals  be  divided  by  equals  the  quotients  are  equal. 


Consider  the  following  equations  : 

(1)  2*  =  6. 

If  we  divide  each  of  the  equal  members  of  this  equation  by 
2,  we  obtain  equal  quotients. 

.'.  *  =  3.  v     /    . 

(2)  5x  -  6  =  3x. 

If  we  add  6  to  each  of  the  equal  members  we  obtain 

bx  -  6  +  6  =  3x  +  6. 
That  is,  5x  =  3x  +  6. 

If  now  we  subtract  3x  from  each  side,  we  obtain 

bx  —  3o*  =  3x  —  3x  +  6 
or,     5x  —  3x  =*  6, 
or,  2x  =  6. 


(3) 

If  we  add  7  to  each  side,  and  also  subtract  fZx  from  each 
side,  we  have 

4cc  -  7  +  7  -  2*=  2x  -  2x  +  7  +  5, 

or, 
that  is, 

a  =  6. 
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From  these  examples  we  see  that  any  term  may  be  trans- 
ferred from  one  side  of  an  equation  to  the  other,  provided  we 
change  its  sign  ;  for  this  is  equivalent  to  adding  the  comple- 
mentary term  to  each  side. 

This  transposition  of  terms  enables  us  to  place  all  the  terms 
containing  the  unknown  quantity  on  one  side  of  the  equation, 
and  all  the  other  terms  on  the  other  side. 

And  by  combining  terms  the  equation  is  reduced  to  the 
form 


Dividing  both  sides  by  a,  we  have 

b 

#  =  —  • 
a 

(4)    ,  4(*-5)  +  3(o;-2)= 

Removing  the  brackets,  we  have  : 


Transposing  terms,  we  have  : 

4*  +  3x  -Ix  =20  +  6  +  8-15. 
That  is,       "  So;  =19. 

x  =  6J. 


EXERCISE  38. 
Solve  the  equations  : 

1.  2^  =  8.  2.  2o;=-8.         3.    -3a;  =  9. 

4.   13x—  —39.     5.  mcc  =  4m.         6.  ax—  —a?. 

7.  2*  +  5=17.     8.  3*-7  =  17.     9.  5*  +  3--22. 
10    lla:=45-4a.  11.  I2x  +  5  =  7x-  30. 

12.  13*-  15  +  2z  =  60.         13. 
14.  20#-17  =  18  +  13z.        15. 


17.  5- 
18. 
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19. 

20. 

21. 

;22. 

23. 

24.  5-3  (2- 
,-25.    14-2{* 

26.  5-3{2-o;-4  (6-0:)  -3}-  -50. 

27.  3{*-2  (3-2*)}  =10-2(*-7). 

28.  16  +  3  (a-7)-4{2-3(2-*)  +  B} 

29.  2-[2-{2-(2-2aO}]-as. 

30.  (x-2) 
31. 

32. 

33.  2  (x- 

34.  (aj-4) 

35.  4(o;-2)24.3  (»  +  3)27  (a>-  1)  (x  +  1). 
36. 

37. 

38.  (2aj+3)  (aj- 

39.  a;  +  (a:-7)2- 

40.  («+l)  (a:  +  3)  («  +  5)-(a:-2)  (a;  +  4) 

When  some  of  the  coefficients  are  fractions,  if  we  multiply 
both  sides  of  the  equation  by  a  number  which  is  a  multiple  of 
each  of  the  denominators,  we  get  rid  of  the  fractions. 

Evidently  the  L.  C.  M.  of  the  denominators  will  be  a  suit- 
able multiplier. 

To  solve  : 
(1)  i*+lH-15  +  f«.      < 

Multiplying  both  sides  by  ]  2,  we  have 
//:'  ..v1.',.  4<r+  170  -180  +  3*.'       ,       . 

-3*  =180-170. 
.-.  x  =10. 
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To  solve  : 

(2)  Ka- 

Multiplying  both  sides  by  6,  we  have 

5(o?-2)-2  (*-4)  = 


.-.  fisc-  2^  =  60  +  10  -8. 


Note  that  J  (a;  -  4)  is  the  same  as 


9.  10- 

10. 


a:       05        5o?        3 
12'    4  +  6  +T2  =  5" 

13.  J(*-3)  +  t(2a:  +  4) 

14.  }(a;-2)(2a:-6)-J(aj-5) 

2o:-3     .5-6* 

15.  -j—  -3  --  ^>- 

16.  |(5*-9)  +  f  (7a;  +  8) 

3  a;  -17     2o;-9     ar  +  40 
*         5  "9"""    49 

H 


EXERCISE  39. 
Solve  : 
1,  |a;-8.  '2.  foj=10.  3.  "iaj  = 

1x  3x  2x 

4.  -s-  =  12.  5.    —=15.  6.  —  =  6. 

345 

7.  fz+10  = 
3x     2a; 

8.   -+     = 
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19. 

20. 

4  5 

21.  j(a  +  2)-f 

22.  (SB  -2)  (a-3)-J(a;-6)  (a;+  12)  =  fa;  (cc+  10). 


23    i  __ 

~J~  7 


24. 

3     3x 


26.        _ 


2_2ag-3_ge-i 

~~T~~    10  ' 


So- 


64        10       60 
30. 
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CHAPTER  VII. 

SOLUTION  OF  PROBLEMS. 

EXERCISE  40. 

If  x  is  an  algebraical  number,  state  the  meaning  of  each  of 
the  following  expressions : 

1.  2x.  2.     -2x.  3.  x  +  2.  4.  x-2. 

5.  ic  +  5.         6.  2a  +  5.         7.  2^-5.  8.  7  -  2x. 

9.  2(»+3).  10.  (sc  +  6)2.     11.  (3x-2)2.      12.  14-4(^ 

13.  2«=7.     14.   (x  +  2y  =  x  (a +3). 

15.  20-3  (« +  4)  =  5. 


EXERCISE  41. 

* 

Using    ^    to   represent    the    unknown    number,    write  an 
algebraical  expression  which  represents  : 

1.  Double  the  number. 

2.  Five  times  the  number. 

3.  The  sum  of  the  number  and  2. 

4.  The  result  of  subtracting  4  from  the  number 

5.  The  sum  of  double  the  number  and  20. 

6.  The  square  of  the  sum  of  the  number  and  10. 

7.  The  product  of  the  number  and  the  sum  of  the  numbei? 

and  7. 

8.  The  amount  by  which  the  number  exceeds  60. 

9.  The  excess  of  the  number  over  50. 

10.  The  excess  of  100  over  the  number 

11.  The  amount    which   must   be   added   to  the  number 

make  40. 
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12.  The  amount  which  must  be  subtracted  from  double  the 

number  to  make  40. 

13.  That  the  excess  of  double   the  number  over  10  is  equal 

to  30. 

14.  That  the  square   of  the  sum   ot    twice  the  number  and 

three  is  equal  to  four  times  the  square  of  the  number. 

15.  That  if  20  be  added  to  three  times  the  number  the  sum 

will  be  50. 

> 

16.  The  number  greater  by  one. 

17.  The  three  ioiiowing  consecutive  numbers. 

18.  That  the  product  of  the  two  following  consecutive  num- 

bers is  equal  to  56. 

19.  That  the  square   of  the  sum  of  the  number  and  six,  is 

greater   by    20    than   the   square   of   the   sum    of   the 
number  and  five. 

20.  That  the  product  of  the  next  two  consecutive  numbers 

is  greater  than  the  product  of  the  two  preceding  con- 
secutive numbers  by  42. 

The  principal  application  of  elementary  algebra  is  the  solu- 
tion of  problems. 

Consider  the  following  problems  : 

(1)  Find  a  number  such  that  if  10  be  added  to  double  the 
number  the  sum  will  be  50. 

Let  x  represent  the  number. 
Then  2#  represents  double  the  number. 

And  2^  +  10  represents  the  sum  of  double  the  number  and  10. 
But  this  sum  is  50. 

.-.     2^  +  10  =  50. 


Therefore,  the  required  number  is  20. 

(2)  A  has  $100  and  B  has  $40     how  much  must  A  give  E 
in  order  that  B  may  have  as  much  as  A  ? 
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Let  x  represent  the  number  of  dollars  which  A  must  give 
B. 

Then  100  -a;  represents  the  number  of  dollars  which  A 
will  have  left. 

And  40  +  x  represents  the  number  of  dollars  which  B  will 

then  have. 

ce  =  40-f  x. 

2x  =  -60. 


Therefore,  A  must  give  B  $30. 

Hence  we  see  that  we  can  solve  a  problem  by  representing 
the  unknown  number  by  x,  and  then  expressing  the  conditions 
of  the  problem  in  the  form  of  an  equation.  The  solution  of 
this  equation  gives  us  the  unknown  number. 


EXERCISE  42. 

Solve  the  following  problems  : 

1.  The  sum  of  two  numbers  is  45  ;  if  x  represents  one  of 
the  numbers,  what  will  represent  the  other  ? 

2r  If  x  and  76  represent  two  numbers  whose  sum  is  120  ; 
find  K. 

3.  A  person  has  x  dollars,  a  second  person  has  10  dollars 

more  than  the  first,  together  they  have  40  dollars  ;  how. 
many  dollars  has  each  ? 

4.  The  sum  of  two  numbers  is  73,  and  one  of  the  numbers  is 

44  ;  find  the  other. 

5.  The  difference  of  the  ages  of  two  persons  is  14  years,  and 

the  age  of  the  elder  is  42  years ;  find  the  age  of  the 
younger. 

6.  The  sum  of  two  numbers  is  54  and  their  difference  22  ; 

find  the  numbers. 
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7    If  x  and  2a?  +  6  represents  two  numbers  whose  difference 
is  22,  find  the  numbers. 

8.  One   boy  has  22  marbles  more  than  another  boy  ;  if  he 

also  has  6  more  than  double  as  many,  find  how  many 
each  has. 

9.  The  result  of  adding  5  to  double  a  certain  number  is  the 

same  as  subtracting    15  from  four  times  the  number. 

Find  the  number. 
• 

10.  One  number  is  greater  than  another  by  2  :  their  sum  is 

50.     Find  the  greater  number. 

11.  One  number  is  less  than  another  by  3  ;  their  sum  is   39. 

Find  the  numbers. 

12.  The  sum  of  two  numbers  is  50  ;  one  is  greater  than  the 

other  by  10.     What  are  the  numbers  1 

13.  Divide  100  into  two  numbers  whose  difference  is  10. 

14.  One  number  is  double  another ;  if  40  be  added  to  the  less 

and  1  be  taken  from  the  greater  number,  the  former  re- 
sult is  double  the  latter.     Find  the  numbers. 

15.  Find  the  number  which  exceeds  its  sixth  part  by  35. 

16.  The  sum  of  $93.05  was  raised  by  A  and  B  together,  B 

contributed  $8.79  more  than  A,  how  much  did  each  con- 
tribute ? 

17.  Add  30    to  a  certain   number,  and  the  sum  will  be   as 

much  above  31  as  the   original   number   is   below  31. 
What  is  the  number? 

18.  A  drover   bought  a  certain  number  of  calves  for  $4.50 

each,  and  8  less  cows  at  $30  each,  and  paid  altogether, 
$174.     How  many  cows  did  he  buy  ? 

19.  How  much  chicory  at  10  cents  a  pound  must  be  mixed 

with  8  pounds  of  coffee  at  40  cents  a  pound,  to  make  a 
mixture  worth  22  cents  a  pound? 

20.  The  sum  of  $225  was  raised  by  A,  B  and  C  together ;  B 

contributed  $19  more  than  A,  and  C  $58  more  than  B. 
How  much  did  each  contribute  1 
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21.  A  father  is  52  years  old  and  his  son  is  4  years  old ;  ID 

how  many  years  will  the  father  be  exactly  7  times  as 
old  as  his  son  ? 

22.  If  42  be  added  to  a  certain  number,  the  result  is  4  times 

that  number  ;  find  the  number. 

23.  A  is  three  times  as  old  as  B,  and  7  years  ago  their  united 

ages  amounted  to  as  many  years  as  now  represent  the 
age  of  A  ;  find  their  ages. 

24.  A  person  has  $630  ;  part  of  it  he  loans  at  the  rate  of  4 

per  cent.,  and  the  remainder  at  the  rate  of  5  per  cent., 
and  he  received  equal  sums  as  interest  from  the  two 
parts ;  how  much  did  he  loan  at  each  rate  ? 

25.  John  and  Charles   play  a  game  of  marbles  ;  John  has  22 

marbles,  and  Charles  13  before  they  begin,  and  at  the 
end  of  the  game  John  has  4  times  as  many  as  Charles 
How  many  did  John  win  ? 

26.  Find  a  number  such  that  its  fifth  part  may  exceed  its 

seventh  part  by  12. 

27.  A  father's  age  is  six  times  as  great  as  that  of  his  son,  but 

4  years  ago  it  was  1 1  times  as  great.  Find  the  age  of 
each. 

28.  How  much  tea  worth  30  cents  a  pound,  must  be  mixed 

with  12  pounds  at  50  cents  a  pound,  to  make  a  mixture 
worth  36  cents  a  pound  ? 

29.  Divide  $300  among  three  persons,  A,  E  and  (7,  so  that  B 

may  receive  twice  as  much  and  C  three  times  as  much  as  A. 

30.  Divide  $480  into  two  parts,  so  that  the  first  part  put  out 

at  interest  for  a  year  at  5  per  cent.,  may  exceed  the 
interest  on  the  other  part  at  6  per  cent.,  l^y  $20.70. 

31.  Find  a  number  such  th&t  if  20  be  added  to  it,  the  sum 

will  be  three  times  the  remainder  when  20  is  subtracted 
from  it. 

32.  A  can  earn  $2  and  B  $1.75  a  day.     How  long  will  it  take 

B  to  earn  as  much  as  A  can  earn  in  21  days  1 
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33.  At  an  election  where   743  votes  were  polled,  the   suc- 

cessful candidate  had  a  majority  of  61.  How  many 
ballots  were  cast  for  each  ? 

34.  A  had  4  times  as  many  apples  as  B.     A  gave  .5  12,  and 

he  had  twice  as  many  left  as  B  then  had.  How  manj 
had  each  at  first  ? 

35.  If  a  man  walks  49J  miles  in  ploughing  a  field  40  rods 

long  and  20  rods  wide,  find  the  average  width  of  each 
furrow,  no  allowance  being  made,  for  turning  at  each 
end. 

36.  A  farmer,  at  a  sale,  disposed  of  a  certain  number  of  horses 

at  $100  each ;  5  times  as  many  cows  as  horses  at  $30 
each,  and  as  many  sheep  as  horses  and  cows  together  at 
each.  The  total  proceeds  of  the  sale  amounted  to 

How  many  of  each  did  he  sell  ? 

.37.  When,  after  8  o'clock,  will  the  two  hands  of  a  clock  first 
be  in  a  straight  line  with  each  other  ? 

38.  The  sum  of  two  numbers  is  89  and  their  difference  is  31. 

Find  the  numbers. 

39.  A   father   divides  $51.00  among  his  three  children,   so 

that  every  time  the  first  receives  one  dollar  the  second 
receives  two  dollars ;  and  as  often  as  the  second  receives 
three  dollars  the  third  receives  four  dollars.  How  much 
does  each  child  receive  ? 

40.  Two  casks  contain  equal  quantities  of  water.       From  the 

first,  42  gallons  are  drawn ;  from  the  second,  6  gallons. 
The  quantity  remaining  in  one  vessel  is  now  three  times 
that  in  the  other.  How  much  did  each  cask  contain  at 
first?.  ,  ..*  ,  > 

41.  A  has  twice  as  many  marbles  as  B.       A  loses  32  and  B 

wins  17,  and  then  B  has  twice  as  many  as  A.  How 
many  had  each  at  first  ? 

42.  A  and  B  have  128  apples  between  them.     A  gives  B  a 

sufficient  number  to  double  his  quantity,   and  they 
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then  have  equal  quantities.  How  many  had  each  at 
first  ? 

43.  A  man  has  5  times  as  many  half  dollars  as  he  has  dollars, 

and  3  times  as  many  quarters  as  he  has  halves.  The 
whole  sum  is  $58.  How  many  of  each  has  he  ? 

44.  A's  earnings  for  the  past  year  are  $75  less  than  twice 

J3's  j  It's  are  $50  more  than  one-half  C'st  and  C's  are 
$25  more  than  one  third  of  A's  and  J3's  together.  What 
are  the  earnings  of  each  1 

45.  Two  boys,  John  and  James,  have  74  marbles  between  them, 

and  John  has  46  more  than  James.  How  many  marbles 
have  each  ? 

46.  A  sixth  part  of  the  sum  of  two  numbers  is  17,  and  one- 

quarter  of  their  difference  is  11.     Find  the  numbers. 

47.  Two  travellers,  A  and  £,  agree  to  share  their  expenses 

equally.  At  the  end  of  the  journey  they  find  their  total 
outlay  to  be  $48.50,  aud  that  B  must  pay  to  A  $6.25  to 
settle  according  to  agreement.  Find  the  actual  outlay 
of  each  before  settling. 

48.  In  a  family  of  three  persons  the  average  age  is  21  years. 

The  father's  age  is  five  times  one-quarter  the  combined 
ages  of  mother  and  child,  and  the  mother's  age  is  3  years 
more  than  four  times  the  child's  age.  Find  the  age  of 
each. 

49 .  A  rectangular  field  contains  2£  acres.      If  it  is  25  rods  in 

length,  what  is  its  width  ? 

50.  A  cask  contains  a  certain  quantity  of  brandy.       If  half 

the  brandy  be  drawn  off  and  45  gallons  of  water  poured 
into  the  cask,  and  one-quarter  of  the  mixture  be  brandy, 
find  the  number  of  gallons  of  brandy  originally  in  the 
cask. 

51.  Find  when,  after  3  o'clock,  the  minute  hand  of  a  clock 

first  coincides  with  the  hour  hand. 
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52.  Find  the  distance  from  A  to  £,  if  4  miles  more  than  one. 

seventh  the  distance  is  16  miles  less  than  one-half  the 
distance. 

53.  A  workman  was  employed  for  30  days  on  condition  that 

for  every  day  he  worked  he  should  receive  $1.25,  and 
for  every  day  he  was  idle  he  should  forfeit  50  cents.  At 
the  end  of  the  time  he  received  $28.75.  Find  the 
number  of  days  he  worked. 

54.  A  boy  engaged  with  a  farmer  for  one  year  for  $128  and  a 

suit  of  clothes.  He  left  at  the  end  of  nine  months  and 
was  entitled  to  $92  and  the  suit.  Find  the  price  of  the 
suit. 

55.  A  bill  of  $67.50  was  paid  in  dollars,  fifty-cent  and  twenty- 

five  cent  pieces.  There  were  3  times  as  many  fifty-cent 
pieces  as  dollars,  and  10  more  twenty-five  than  fifty-cent 
pieces.  How  many  of  each  were  used  ? 

56.  A  man  has  11  hours  at  his  disposal ;  how  far  may  he  ride 

in  a  coach  which  travels  8  miles  an  hour,  so  as  to  return 
in  time,  walking  back  at  the  rate  of  3  miles  an  hour  1 

57.  The  rate  of  a  man  rowing  in  still  water  is  double  that  of 

a  stream.  If  it  takes  the  man  40  minutes  to  row  5 
miles  down  the  stream,  find  the  rate  of  the  stream. 

58.  A  starts  upon  a  walk  at  the  rate  of  4  miles  an  hour,  and 

after  30  minutes  B  starts  at  the  rat»  of  4J  miles  an 
hour  ;  when  and  where  will  he  overtake  A  ? 

59.  A  garrison  of  700  men  had  provisions  to  last  for  40  days, 

but  12  days  afterward  300  men  were  killed.  How  long 
will  the  provisions  last  the  remainder  of  the  garrison  ? 

60.  A  boy  is  one-third  the  age  of  his  father,  and  has  a  brother 

one-sixth  of  his  own  age;  the  ages  of  all  three  amount 
to  75  years.  Find  the  age  of  each. 

61.  Two  boys  have  equal  sums  of  money ;  but  if  one  had  15 

cents  more  and  the  other  9  cents  less,  the  one  wonld 
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have  three  times  as  much  as  the  other.  What  sum  had 
each  ? 

62.  A  man  sells  50  acres  more  than  one-half  his  farm,   and 

there  yet  remains  30  acres  less  than  one-third  of  it. 
How  many  acres  were  there  in  the  farm  ? 

63.  A  bag  contains  a  certain  number  of  sovereigns,  twice  as 

many  shillings,  and  three  times  as  many  pence ;  and  the 
whole  sum  is  £267.  Find  the  number  of  sovereigns, 
shillings  and  pence  in  it. 

64.  A  huckster  bought  a  certain  number  of  apples  at  the  rate 

of  5  for  2  cents,  and  sold  one-half  of  them  at  the  rate  of 
3  for  1  cent,  and  the  other  half  at  the  rate  of  2  for  1 
cent,  gaining  altogether  4  cents.  How  many  apples  did 
he  buy  ? 

65.  A  certain  number  of  men  and  one-half  as  many  women 

were  employed  on  a  work.  Each  man  received  $1.25, 
and  each  woman  75  cents;  their  total  wages  being 
$45.50.  How  many  of  each  were  employed  ? 

66.  A  hare  is  80  of  her  own  leaps  before  a  greyhound ;   she 

takes  3  leaps  for  every  2  he  takes,  but  he  covers  as  much 
ground  in  1  leap  as  she  does  in  2.  How  many  leaps  does 
the  hare  take  before  she  is  caught? 


MISCELLANEOUS  REVIEW  QUESTIONS. 
EXERCISE  43. 

1 .  Divide  So,-3  +  y3  by  2x  +  y. 

2.  Simplify  2  [2  -  2{2-  2  (2  -a)}  -a]. 

3.  Factor  z2  +  Sx  -  560  and  y?  -  Sx  -  560. 

4.  Solve  20z-13-56z=3(a-7). 

5.  Find  a  number  which  is  as  much  greater  than  20  as  threes 

times  the  number  is  greater  than  70. 
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6.  Divide  256z*  +  16a2+  1  by  1-4 

7.  Expand  (a-2b  +  c-3d)\ 

8.  Find  the  product  of  (a  -  2b  +  c  -  3-?)  and  (a  +  26  +  c  +  3d). 

9.  Solve  4(»-2)-5(«-3)  =  6  (2  -a;. 

10.  Divide  16  into  two  such  parts  that  if  four  times  one  part 
be  added  to  five  times  the  other  part,  the  result  may  be 
76. 


1 1 .  Divide  x^  +  y5  by  x  +  y  and  x5  -  y5  by  x  -  y. 

12.  Divide  the  difference  of  the  squares  of  x'-  +  x  +  I  and  y?  —  x 

+  1  by  their  sum. 

13.  Simplify  a-2  [a-2{a-2  (2-a)}]. 

14.  Solve  3x-  2(2aj-4)-a. 

15.  Express  x16  —  y16  as  the  product  of  five  factors. 


1 6.  Divide  x6  -  y6  by  x  -  y. 

17.  Solve  (2*  -  3)  (3»  -  2)  =  6  (x  -  I)2. 
\$.  Find  the  factors  of  64aj2  —  z2 

19.  Find  a  number  such  that  double  the  number  is  as  much 

greater  than  40  as  three  times  the  number  is  less  than 
85. 

20.  Show  that  (a  +  b)  (b  +  c)  (c  +  a)-  a2  (b  +  c)  +  b*  (c  +  a)  +  c2 


21 .  Divide  cc6  -  y6  by  a?  +  y. 

22.  Find  factors  of  x2  -  17 x  -  60  and  x2  +  x  -  20. 

23.  State  in  words  the  meaning  of  (x  +  y)9  =  x3  +  y3  +  3xy  (x  +  y) 

and  prove  the  equality. 

24.  Solve  2x  -  { 3  -  4  (x  -  2)+x}  =  60. 

25.  Show  that  (a  -b)  (b  -c)  (c-a)-a2  (c  -  b)  +  b'2  (a-c)-fc8 

(b  -  a). . 
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26.  Multiply  62  +  be  +  c2  by  V  -  be  +  c\ 

27.  Find  the  factors  of  I5x2  +  34xy  +  15y2  and  of  15#2  —  16#y 

-15y2. 

28.  Prove  that  the  product  of  the  sum  of  the  squares  of  two 

numbers,  increased  by  their  product,  and  the  difference 
of  the  numbers,  is  equal  to  the  difference  of  the  cubes 
of  the  numbers. 

29.  Solve  (a;  +  2)  (»-9)-(aj-6)  (*  -  3)  =  20  -  1  3as. 

30.  Prove    that    (a  +  b  +  c)    (a2-f  i2  +  c2-  be  -  ca  -ab)  =  as  +  13 

+  c3  -  3abc. 


31.  Multiply  tf4  -  x3  +  x2  -  x  +  1  by  xi  +  x3  +  x-  +  x  +  1. 

32.  Prove   that    (x  -f  y  +  z)   (x2  +  y2  +  z2  —  yz  —  zx  —  xy)  —  y?  +  ys 


33.  From  the  preceding  write  the  product  of  (x  +  2y  +  Sz)  and 

(x>  +  4y2  +  9*2  -  §yz  -  3zx  -  2xy}. 

34.  Find  two  numbers  whose  sum  is  156  and  whose  difference 

is  40. 

35.  Find  the  value  of  x3  4-  y3  +  z3  —  3xyz  when  x  =  a+I,  y  — 

a—\  and  z=  —  2a. 


36.  Find  the  product  of  P  -  Im  -f  w2  and  lz  +  lm  +  m. 

37.  Write  the  quotient  of  x3  +  ys  +  z3  —  3xyz  by  x  +  y  +  z. 

38.  Write  the  quotient  of  x*  +  y'5  +  8z3  -  60:2/2;  by  x  +  y  +  2*. 

39.  The  difference  of  two  numbers  is  6,  and  half  their  sum  is 

1 2,  what  are  the  numbers  '/ 

40.  Solve  (x  +  2)3  =  (x  +  If  (x  +  4). 


41.  Show    that    (6-c)2  +  (c -a)2 

—  ca  -  ab). 

42.  Write  the  quotient  of  x3  -  y3  -f  z3  +  3xyz  by  x  -  y  +  z. 

43.  Simplify  2  \x  -  3J#  -  4  (ic  -  a)  -  a}  -  aj  -  a. 
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44.  Two  numbers  differ  by  1  ;   show  the  difference  of  their 

squares  is  equal  to  the  sum  of  the  numbers. 

45.  Solve  (x  +  7)2  +  (5 •-  x)  (x  +  5)  = 


46.  Write  the  square  of  3x  —  y  —  z. 

47.  Find  two  factors  of  a2  -  Z>2  +  c2  -  2ac. 

48.  Show    that  (x  +  a)  (x  +  b)  (x  +  c)  = 

+  ca  +  ab)  x  +  abc.     From  this  expand  the  product  (x  +  2) 


49.  Divide  x^-y3-  27z3  -  9xyz  by  x  -  y  -  3z. 

50.  If  a  is  2,  find  the  value  of  x  which  will  make  (x  —  a)2«= 

x  (x-  14). 

51.  Find  the  continued  product  of  (x  +  1),  (x—  1),  (x2  +  x  +  1) 

and  (x2  —  x  +  1 ). 

52.  Show  that  (a2  +  62)  (c2  +  d*)  =  (ac+bdf  +  (ad -  bcf.     State 

in  words  the  meaning  of  this  identity. 

53.  Factor  y?  +  3xy  +  2y'*  +  x  +  y. 

54.  Divide  72  into  two  parts,  such  that  three  times  one  part  is 

equal  to  five  times  the  other  part. 

55.  Solve  2(x  + 1)3  +  5  (a:  -  2)3  =  7^  -  24  (a;  +  3)  (x  -  9). 


56.  Show   that  (b-cf  -I-  (c-af  +  (a-b)s  -3  (b-c)   (c-a) 

(a-b)  =  0. 

57.  If   x  -  2a  -  b  -  c,  y  =  *Zb-c  —  a,   z  =  2c-a-bt    show   that 

x3  +  y*  +  £  =  3xyz. 

58.  Factor  I2a?  +  ab  -  2062. 

59.  Simplify  a;2  -  [(x  -  »)2  -  {^2  -  (a;  +  «)2}]. 

60.  Solve  (-3a?  + 2) -(7- -4*)  =14-6. 


«1.  Show  that 
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62.  Divide  ar'- 

63.  Find  the  value  of  (99a  +  2/)3+  (a  +  992/)3,  when  a;  =49  and 

y-  -49. 

64.  What  is  the  price  of  bread  per  loaf  if  an  increase  of  25 

per  cent,  in  the  price  would  reduce  the  number  of  loaves 
that  could  be  purchased  for  one  dollar  by  2  ? 

65.  Solve  $(2x  +  3)  -  £  (3x  +  4)  =  1  2. 


66.  Divide  (x*  +  5x  -  14)  (a2  +  8x  -  9)  by  x*  +  6x  -  7. 

67.  Solve  (x-6)  (a;  +  4)-(a;-8)(a:  +  3)  =  0. 

68.  A  father  has  three  sons  :  the  father's  age  is  36,  and  the 

joint  ages  of  the  sons  is  30.     In  how  many  years  will 
the  joint  ages  of  the  sons  be  equal  to  that  of  the  father? 

69.  Expand  (m  +  2n  -p  +  2q)\ 

70.  Find  the  value  of  A3  +  £3,   when  A=  (2a+2J-o),  B=* 

(2c  -b  -a)  and  a  +  b  +  c  =  0. 
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CHAPTER  VIIL 

« 

FRACTIONS. 

We  commonly  indicate  the  division  of  one  expression  by 
another  by  placing  the  first  expression  above  the  other  and 
separated  from  it  by  a  bar  or  stroke. 

Thus,  ^is  the  quotient  obtained  by  dividing  a  by  b. 

Such  an  indicated  quotient  is  called  a  fraction. 

The  expression  placed  above  the  line  is  called  the  numera- 
tor, and  that  below  the  line  is  called  the  denominator. 

The  numerator  and  denominator  are  called  the  termS'of 
the  fraction. 

s 

Since  the  quotient  is  not  altered,  if  we  multiply  both  divisor 
and  dividend  by  the  same  quantity,  it  is  evident  that  the  value 
of  a  fraction  is  not  altered  by  multiplying  each  of  its  terms  by 
the  same  quantity. 

rrn       .    •  &  Q>X 

That  is,  -  = 

b          bx 

And  since  the  quotient  is  not  altered,  if  we  divide  both 
divisor  and  dividend  by  the  same  quantity,  it  is  evident  that 
the  value  of  a  fraction  is  not  altered  by  dividing  each  of  its 
terms  by  the  same  quantity. 

mi  CF*-  a 

Thus,  .  =  — , 

ab        b 

and  *-<t_a-x^ 

(a  +  xf     a  +  x 

A  fraction  is  said  to  be  in  its  lowest  terms  when  the 
numerator  and  denominator  have  no  common  factor.  We 

* 

may  reduce  a  fraction  to  its  lowest  terms  by  dividing  numera- 
tor and  denominator  by  their  H.  C.  F. 
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EXERCISE  44. 
Reduce  to  their  lowest  terms  : 


1. 

4. 

7. 
10. 
13. 
16. 
18. 
20. 
22, 
24. 
26. 


1Mb 


ax  +  ay 
bx  +  by 


(x  +  yf 


a2  -I-  a  -  6 


Xs-! 


a 


2. 


10 


3. 


.  11. 


..  14. 


+  yj1 


.   12. 


.15. 


m2-3mn+2n* 


21. 


a 


EXERCISE  45. 

Complete  the  following  identities  by  writing  the  required 
term  : 


a 

-—   =«    -  — 

6        be 


ar 


.      m 

4.    — 

n 


0 

a*    ——  =—  —  . 

y      yz 
K     «        xp 


«     a 

o.   —  ~  =  —  _- 

b      o2 

-     a       a2 
§.  —  ss  _  . 
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-i  -,     ma;     (wi  v  0      4a        3 

11.    .  —  .    =  .  -  . 


.     —  .  .  -                    ..     -  _ 

be        ox                       nx  IZab 

-,  o    a  -  x     a2  -  x2  .    x  +  2 
lo. 


a  +  x  x  +  3     a;2  4- 


.,  K    x  +  5     or2  -  2&  -  35  «  +  26 

15.  = 16. 

O*  —  *»     I     Ah 

vU  |  VA*      |"   ^tC/ 

17    a2-   9a-10 


•i 


oo    z.  -  00    , 

22.  b-c—  — 23.   1  = is4.  a  —  — 

x+y  a+b 


EXERCISE  46. 

Change  into  equivalent  fractions,  having  the  same  denomina 
tor,  the  common  denominator  being  the  L.  C.  M.  of  the 
denominators  : 

a        b  0      a       b 

l.     _,        .  j.     _,    _. 

x      2x  xx* 


„      x       x       x  .     a       b        c 

o.   —  —  ,  -       ,  —  -•  4.  _—  ,  —  ,  —  -  . 

be      ca      ab  oc      ca      ao 

p.234  fi     a,        b          I 

V    T'  7'  -  N  '                  ft?1    A' 

(         a            b'  x              1 


2 
a  +  b      a-b  x?-y2      x-y 

9.     3       _?...  V'  1C.  .^-±1_,  —  . 

a;  +  3      a?  +  4  or  -I-  6a  +  8*    a  +  4 
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....      a      a  +  I     a—  1  -.„  1 

— »  ~V  **'        o    .    e*        ~^> 

2       a-l      a+ 1 

13.  J_, 


H  J_     J 


T-    x  +  y      x  -y          x2  I*  1         c  1 

15.       LLy.         -^,     __  _  16.  a,        , 


-,     __  _  .     ,        ,  _ 

+  yxr-y  b         a       b  —  a 

17 


-.o  +  c  c  +  a 

(b  -c)(c-  «)'    (c  -  a)  (a  -  6)'    (a  -b)(b-  c) 


The  sum  of  the  quotients  obtained  by  dividing  several 
numbers  by  the  same  divisor  is  equal  to  the  quotient  obtained 
by  dividing  the  sum  of  the  several  numbers  by  the  same 
divisor. 

m,                              a        b        c        a  +  b  +  c 
That  is,  j \. 


xxx  x 

Also  the  difference  of  the  quotients  obtained  by  dividing 
two  numbers  by  the  same  divisor  is  equal  to  the  quotient 
obtained  by  dividing  the  difference  of  the  numbers  by  the 
same  divisor. 


That  is, 


x       y        x-y 


d       d          d 

Hence  we  see  that  any  number  of  fractions  which  have  a 
common  denominator  may  be  combined  into  a  single   frac- 
tion. 

Thus,  i_.L+f__.f±y±£, 

a        cu       a  a 

and  JL -JL *      =x-y-z 

b  —  c       b  —  c       b  —  c          b  —  c 
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To  combine  -  —  -  +  -   into  a  single  fraction. 

l     2x+l 


The  L.  C.  M.  of  the  denominators  is  4#2-  1. 

5  4  5 


5(2a;+l)  _  4(2x-l)  5 


4x2  -  1 
5  - 


^  ,  .       a  -b  ,  b  —  c  ,  c  -  a 

lo  combine  -  +  -  +  -  . 

ab         be         ab 

The  L.  C.  M.  of  the  denominators  is  abc. 

a-b        b  —  c        c  —  a, 


ab     be     ca 
ae  —  bc   ab  -  ac   bc  —  ob 


abc  abc  abc 

ac  —  be  +  ab  —  ac  +  be  —  ab 


abc 
o 


abc 

EXERCISE  47. 
Combine  into  a  single  fraction  : 


x   x 


,11  4 

o.  ..  + «- — ..  *• 

3x 


r.     x  j.  y  c 


7.  JL  -  J_  8.  JL. 


x+y  x- 
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9.  -L.  -.  L_.  10.  ... L.+-i_. 

11.  -r*     +     i_^  12.  2±i'+^rjr. 

#(#  +  y)     je(oj  -v)  #  —  y     x  +  y 

13        4.   ^       a  '4     i       i        y 

a  +  2     a  —  2     a2  —  4  a;  +  y     a;  —  y     x*  -  y* 

15.  1         •          1 


-.«         x  +  4 


ic2  +  5a  +  6 

i  Q     i   , 
18.   1+ 


20.   _^-  +  ^.  21.  -L+JL 

x-y    y-x  a-b     a+b 


1  1 


22  _     _          _ 

(b-a)(b-c)     (c-a)(c-b) 

' 


23. 
24. 


__         _ 

a—  I     a—  2     a+2 

J_  -*+..!  -_^_ 

iC-1       X-l       JC2-i 


/»  y» 

To  multiply  -  and  -^  • 
o  of 

Since  the  product  of  quotient  and  divisor  is  the  dividend, 

a 

.'.  -Y   x  6  =» a. 

0 

Also  —  x  d  =  c. 
a 

C8          C 

.*.  ,    x  —  x  bd=ac. 
o       d 

a       c       ac 
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Hence  the  product  of  two  fractions  may  be  written  as  one 
fraction,  whose  numerator  is  (.he  product  of  the  numerators  of 
the  two  fractions,  and  whose  denominator  is  the  product  of 
the  denominators. 

Evidently  we  may  find  the  product  of  any  number  of  frac- 
tions, by  multiplying  together  the  numerators  for  a  new 
numerator,  and  the  denominators  for  a  new  denominator* 


To  multiply  -.    ,  — - — .  and 

5c        lad  1 ax3 " 

The  product  is — - — - — -> 

5c  x  lad  X  Tax3 

that  is, 


This  result,  when  reduced  to  lowest  terms,  is 

3bc 


'tax 


We  may  shorten  the  work   by  cancelling  like  factors  in 
numerator  and  denominator,  just  as  is  done  in  arithmetic. 
Thus :  '  " 

a2  -  62        x  +  \i  c 


n                n      S\                       1 

or  —  2/J       a-b 
(a-  b)  (a  +  b) 

(a  +  b)'2" 

X  +  y      y 

c 

(x-y)  (x  +  y) 
c 

a  —  b 

(a+by 

,-r;  -  y)  (a  +  b) 


EXERCISE  48. 
Find  the  following  products  in  their  lowest  terms  : 


i.     .x   --          2. 


.  . 

5y  lx2  Sbc  lad 

*     a  b  c  .      v?  y*  z2 

3.  _-    x  —     x    —  *•   —  •   x    -  — 

b  c         * 
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5. 
7. 
9. 
11. 
12. 
13. 
14. 

16. 

17. 

18 

Axy 

Sxz         5xw      a     a?           bz          c4 

Xr)             j.     v*                      v 

5zw 
a  +  b 

0              "                             7d           ^                K           ^      ^~  * 

4yw         oyz              o*           cb          a 
a2-62               Q    (x  +  y?         x-y 

(a  -by 

a  +  b 

x             .  •                 o.        „          •     x        • 
a  -  6                       or  —  y4              a? 

a-  6                           x            a;+l         a;  +  2 

XII                                       V                                    ^ 

a2  —  ab 

X2-l 

—  7  To                            *V«                   -,         ^                  ^       X                      • 

a6  +  62                      x+1         oj-f-2           a; 
«+  2            ic 

XV             .  _  ,_ 

£C2-4 

-       A               1 

X-  I             X+l 

x2  —  y2 
x                        •> 

(*  -  yf 

jc2  +  2a^  +  y2 

x'2  +  4x 

+  4    X   a;2+4a;  +  3 

m2  +  4w 

m  +  3n2             m 

X..     .  ,  .___ 

m2  —  4w 

in  —  §ri*        m  +  3n 

X- 

a2  -(b-\ 

'  O                                           \O           7  O 

-O2        (a  +  c)--62 

a2-.(b- 
ic2  +  5x  • 

9                     /                     \9            1  9 

-  cf         (a  -  c)J  -  o'5 
f6         #2  +  5a;  +  4         a+l 

V                                ...               V 

19. 


\s 
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To  divide  _?L  by  JL 

b      y     d 


But 


ad  c  a 

be  d  b1 

a  c  ad 

b  d  be 

ad  a  d 


be  b  c 

a  c  a  d 

*  — ^—  ^^~  ^x 

6  d  b  c 

Hence  we  see  that  to  divide  by  a  fraction  we  invert  the 
fraction  and  multiply  by  it. 


Thus 

by  xy 

ax  xy 

=     _  ^         2_ 

by  ab 


And 


x 

x   x 

x3  x  +  y 

x-y 


EXEBGISE    49. 


Simplify  : 


ax       bx  9    x"       ax 

^~  -  •  '  ~~~~ 


yl       by 
„  4ab  .  2ac  *    mnp  .  np2 

~K~*^~  ~Tv   '  '  -  2~  ~  '•  -- 

5c2      bz  q         mq 

5 


',  (x 
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*      »        /        fk\5 

7.  ? -*,.(*  + 2)1 

/ 

i 

9.  ( 
< 

11.  * 

12. 

or  -  25       a2  -  a  -  6       a  +  5 

1  O.  -; -j-    X , 

/v>'^  _(_  /j/2  ^,4  «.4  /^,  i}/\" 

r  y  y       \^    y) 

,  ,          a4  -  64       ^_  a2  +  a6       a  — 

JL   *•        — ~r ~ 1,  _  •   ~«r"      — — i    /\    


as+  1     a'-a+l 

bxz* 


a2  - 


15 


16.   1  ^. 
17   f  « 

II.  I  --:- 


. 
6  a          N  a 


132  ELEMENTARY  ALGEBRA. 


GE4PTER  IX. 

EQUATIONS    AND    PROBLEMS    INVOLVING    FRACTIONS. 

When  an  equation  involves  fractions,  we  have  seen  that  we 
may  get  rid  of  the  fractions  by  multiplying  both  sides  of  the 
equation  by  the  L.C.M.  of  the  denominators  of  the  fractions. 

3  4 

To  solve  = 

tt-2     x-l 

Multiplying  both  sides  by  (x  —  2)  (x  —  1)  we  get 

3(^-1)  =  4  (a -2). 
That  is,     3x  -  3  =  4#  -  8. 

3x  —  4#  =  3  —  8 
and  v  =  5. 

rp                                   x-l     x+4 
To  solve  = 

o;-2     z  +  2 

Multiplying  both  sides  by  (x  —  2)  (x  +  2)  we  get 

(a -!)(«+ 2)  =  (a: -2)  " 

or      cc2  +  £c-2  =  a^ 

-x  =    -  6, 
and  x  —  6. 


EXERCISE  50. 
Solve  the  equations  : 

2         3         11  53 

1.   +  =  . 2.  4  +  —  =  — . 

x       4x        8 


3.  ii  +  A  +  _L  =  7J_. 

*v  *v  O*£  t/ 


.12                           ,    20          39          n 
4.  =  —  5.   —  - =»  W. 


1  +  x       3ic  a; 
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2  3 


2  3  x-4         x-2 

81+  =    1  + 

a-4  oj-2 

«.  O  XV,        I          1 

9. 


#-  4         sc-  2  x-  4  <c-  2 

a?-  2  x  +  I  -,  0    6ic-  18 


4a?  — 16         4x  —  8  3#-~8  3x  — 7 

—  5  i  A    x-  3         if  —  5 

14.    _ — =0. 


15. 


-8         3a-7  5C-4         x+l 

-5 


a?  -  1       x-3  Zx-l         3x-2 

17.  ?£2_?    - 

-  4         a:-  5 


18 

a; -5  cc -6  (cc-5)(ic-6) 

'T  Q  1 

/y*  _^ _     >  />»  __    ^S  "IT.  •—     I 

1  f\        tAs  *A^  »-^  *v  X 

19.  


O/^            "" ~                            "~  ~™  "^ 

^J  \J  m                          „            J  ••—                7S^1                                     ™  ™                j_.                 -r-i        r    ^ 

ic-5         x-6  ic-8  sc-9 

21    —  +   ^  ~  =   ^_  +   ^  ~ 

ic-1         a;-6  a;  a;  —  5 

O  "T"  *C                  ^  ~T"  *v  J-      i"  «v  *i 

3-a;         2-a;  1-cc 


22. 


x-l  x+l 

s  +  17       3^-10       ^ 

-—  +  : —   ="     <  • 


7       3^ 


26. 
27. 


__ 
2y-5 
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Qx  +  I         2x  -  4          2oj  -  1 


28    —  

15  7* -16 5~ 

x  +  2  '      3x-  1         1         6a?+13 

2       +       5        +  8  8     •' 

o/-v  I  O  O 

3i.  JL    _  "'* 

32. 

33 

x  -  I         x  -  1          1  -•  a^" 

34.   a;  (a; -4)  (a; -6)  (aj  -  8)  =    (aj-1)  (a?  -  3)  (aj  -  5)  (ai  -  9). 
3  5 


3           3y  -  7  3 

x          6  —  x  3 

2~  +   ~6  ^" 
3            aj+1 


3x-  2)  (2x-5)         (5a;-9) 


37. 


—         g;~4         13  -2a;         8  -  x 


39. 

o 


4  32  40  28 

5  > 


1  \  7   /  a;  1  \  8 

-T)+  T(T  -T)  =  4T- 


EXERCISE  51. 

1.  Divide  108  into  two  parts,  so  that  25%  of  one  part  may 

equal  20%  of  the  other  part. 

2.  What  number  subtracted  from  the  denominator  of  f  will 

make  the  fraction  equal  to  -|  ? 

3.  What  number  must  be  subtracted  from  the  denominator 

of  T5g-  and  added  to  the  denominator  of  £  to  make  the 
resulting  fractions  equal  ? 
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4.  What  number  must  I  add  to  the  numerator  and  subtract 

from  the  denominator  of  T3T  to  make  the  fraction  equal 
to  I?' 

5.  Eight  times  a  number,  consisting  of  two  digits,  is  equal  to 

three  times  the  number  composed  of  the  digits  reversed. 
If  the  units  digit  is  5  greater  than  the  tens  digit  in  the 
former  number,  find  the  number. 

6.  Find  the  number  whose  one-half  and  one-fifth  exceeds  its 

one -third  and  two-sevenths  by  34. 

7.  What  number  subtracted  from  both  numerator  and  de- 

nominator of  f  will  reduce  the  fraction  to  i  ? 

4:  ~> 

8.  What  number  added  to  the  numerator  and  denominator 

of  If-  will  make  the  fraction  equal  to  2  ? 

9.  What  number  added  to  the  numerator  and  subtracted  from 

the   denominator  of  |-  will  make  a  fraction jequal  to  -^  ? 

10.  What  number  added  to  the  numerator  and  subtracted 

from  the  denominator  of  |-  will  make  the  same  fraction 
as  when  twice  the  number  is  added  to  the  numerator 
and  also  subtracted  from  the  denominator  of  ^  ? 

11.  A  company  took  a  risk  at  4%,  and  reinsured  £  of  it  at  3%. 

The  premium  received  exceeded  the  premium  paid  by 
$27.  Find  the  amount  of  the  risk. 

12.  A  man  lends  $375  at  a  certain  rate  of  interest,  and  $412 

at  a  rate  2%  higher.  If  the  interest  for  one  year  from 
both  investments  is  $47.59,  find  the  rate  at  which  each 
was  lent. 

1 3.  A  man  sold  a  horse  at  20%  profit.     If  the  horse  had  cost 

him  $40  more,  and  had  sold  for  the  same  amount  as  be. 
fore,  he  would  have  lost  5°/o.  What  was  the  cost  *? 

14.  A  man  divided  a  farm  among  three  sons.     To  the  first  he 

gave  110  acres  ;  to  the  second  f  of  the  whole,  and  to 
the  third  1  §  as  much  as  to  both  the  others.  How  many 
acres  did  the  farm  contain  ? 
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15.  A  man  has  a  certain  sum  of  money  invested  at  4*/o,  and 

3  times  that  amount  at  6°/  .     From  both  investments  he 

f  o 

obtains  an  inqome  of  $382.14.  What  is  the  total  amount 
invested  ? 

16.  A   quantity  of  goods  was  sold  at  25°/0  gain  ;  but,  had 

they  cost  $40  less,  the  gain  at  the  same  selling  price 
would  have  been  35%.  What  did  the  goods  cost  1 

17.  A  person  gave  5  cents  each  to  a  number  of  beggars,  and 

had  1 4  cents  left.  He  found  that  he  would  have  requir- 
ed 22  cents  more  to  enable  him  to  give  the  beggars  8 
cents  each.  How  many  beggars  were  there  1 

18.  Divide  78  into  two  parts,  so  that  9%  of  one  part  may 

equal  17%  of  the  other. 

19.  In  building  a  house  the  owner  pays  twice  as  much  for  ma- 

terial as  for  labor.  Had  he  paid  5%  more  for  material 
and  7%  more  for  labor,  the  house  would  have  cost 
$10,144.  What  was  the  cost  ? 

20.  A  merchant  bought  100  barrels  of  flour,  part  at  $7  per 

barrel,  and  the  remainder  at  $5  a  barrel.  By  selling 
the  former  at  15%  gain,  and  the  latter  at  14%  loss,  he 
just  cleared  himself  on  the  transaction.  How  many 
barrels  of  each  did  he  buy  ? 

21.  A  grocer  spent  equal  sums  in  tea,  coffee  and  sugar,  making 

12%  on  the  tea,  8%  on  the  coffee,  and  losing  15% 
on  the  sugar.  His  total  gain  being  $63.50,  find  the 
cost  of  each  commodity. 

22.  Divide  $500  into  two  parts,  such  that  the  simple  interest 

on  one  part  for  4  years,  at  6°/o  per  annum,  may  be  $12 
more  than  that  on  the  other  part  for  6  years,  at  5°/o 
per  annum. 

23.  Find  a  number  consisting  of  two  digits,  whose  units  digit 

exceeds  its  tens  digit  by  5,  and  when  the  number  is  di' 
vided  by  the  sum  of  the  digits  the  quotient  is  3. 
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24    What  number  divided  into  367  will  give  a  quotient  21 
and  a  remainder  10  ? 

• 

25.  A  can  do  a  piece  of  work  in  m  days,  and  B  in  n  days.     In 

what  time  can  they  do  it  working  together  ? 

26.  A  and  B  working  together  can  do  a   piece  of  work  in  p 

days,  and  A  can  do  it  alone  in  q  days.       In  what  time 
can  B  do  the  work  himself  ? 

27.  A  can  do  a  piece  of  work  in  x  days,  and  B  in  y  days. 

How  long   will  it  take  B  to  finish  the  work  if  A  has 
worked  at  it  z  days  1 

28.  A  can  do  a  piece  of  work  in  10  days,  and  B  in  m  days. 

If  both  working  together  could  do  it  in  6  days,  find  in. 

29.  A  can  earn  $m  a  day,  and  B  $n  a  day.      If  they  work  to- 

gether, how  much  can  they  earn  in  t  days  ? 

30.  If  they  earn  together  $p,  how  many  days  do  they  work, 

and  how  should  the  money  be  divided  ? 


MISCELLANEOUS  REVIEW  QUESTIONS, 

EXERCISE  52. 

1 .  Multiply  a  +  b  +  cbya  +  b-c. 

2.  Show  that  (a  +  6)2  +  2  (a  +  b)  c  +  c2  =  (a  +  b  +  c)2. 

3.  Factor  1  -  2x  +  x*  -  if  -  z*  +  2yz. 

4.  A  man  receives  $5  a  day  for  his  work,  and  forfeits  $3  a 

day  for  each  working  day  he  is  idle  ;  at  the  end  of   20 
days  he  receives  $28.     How  many  days  has  he  worked  ? 

5.  Divide  (a2  +  3*)2  -  7  (x2  +  3x)  -  18  by  x2  +  3x  +  2. 


6.  Show  that  (x  +  ^f  =  x  (x 

Infer  an  easy  rule  for  squaring  such  a  number  as  20^-. 

7.  Find  the  continued  product  (a  +  b  +  c)  (b  +  c  -  a)  (c  +  a-b) 

(a  +  b  -  c). 

8.  Dividea2-62-c2  +  d2-h26c-2adby  a  +  b-c-d. 

9.  Solve  (a;  -  4)2  -  (x  -  6)2=  4  (a:  -  5). 
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10.  Ten  apples  and  six  pears  cost  22  cents,  and  one  apple  cost 
half  as  much  as  one  pear.     Find  the  cost  of  each. 


11.  Find   the   continued   product  of  (sc  +  2),  (x  -2), 

+  4)  and  (x2- 2^  +  4). 

12.  There  are  two  numbers  whose  sum  is  10 ;  their  product 

is  24f.     Find  the  sum  of  the  cubes  of  the  numbers. 

13.  Find  factors  of  50#2-  151*  +  3. 

14.  Ay  E    and    C  are  three   houses,  in  order,  along  a  road. 

The  distance  from  A  to  C  is  one  mile,  and  the  number 
of  feet  in  the  distance  from  A  to  £  is  the  same  as  the 
number  of  yards  in  the  distance  from  B  to  (7.  Find 
the  distance  from  B  to  C. 

15.  Solve  2  (*- 3)  (a -  11) -(2* -!)(*- -7)  =  100. 


16.  Find    the    value   of   (a-b)3  +  (b-c)3+(c-a)3-  3   (b-c) 

(c  -  a)  (a  -  1)  ;  when  a  =  1,  6  =  2  and  c  =  3. 

17.  Find  the  continued  product  of  (a  +  b),  (a  +  c)  and  (a  +  d). 

From  the  result  infer  the  product  of  (a  +  1),  (a  —  2)  and 
(a  +  3). 

18.  The  sum  of  two  numbers  is  20 ;  the  difference  of  their 

squares,  20.     What  is  the  difference  of  the  numbers  ? 

19.  Find  two  numbers  whose  difference  is  10,  and  whose  sum 

diminished  by  10  is  10. 

20.  Solve  x  (x  -  3)  (x  -  7)  =  (a;  -  1)  (a:  -  4)  (x  -  5). 


21.  Find  factors  of  (x2  +  4a)2  -  9  (a2  +  4rc)  -  36. 

22.  Find  the    expression  which   multiplied   by  1  -  y  -  z  will 

give  1  -  y3  -  Syz  -  z3. 

23.  Simplify  a  -  [26  +  {  3c  -  3a  -  (a  +  b) }]  +  2a  -  (b  +  c). 

24.  Divide  (a  +  b  +  c)  (fee  +  ca  +  ab)  -  abc  by  a  -f  b. 

26.  Solve  (a- 6)  (x  +  2)  +  (5  +  x)  (x - 5) - (7  +  x)  (2a-3)  =  0. 
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26.   If  25  ==  a  +  b  +  c,  show  that  16s  (s  -  a)  (s  -  b)  (s  -  c)  =  262  c2 


27.  Put  a  +  3  for  a:  in  the  expression  x3  -  6x2  +  1  2x  -  8,  and 

arrange  the  result  in  descending  powers  of  a. 

28.  Show    that  the   sum  of   the  squares  of   two  consecutive 

numbers  is  greater  than  twice  tneir  product  by  1  . 

29.  What  value  of  x  will  make  (x  +  a)  (x  +  6)  greater  than 

(x  -  2a)  (x  -  36)  by  32,  where  a  =  1  and  6  =  2? 

30.  Show  that  the  sum  of  the  cubes  of  any  three  consecutive 

whole  numbers  is  divisible  by  three  times  the  middle 
number. 


31.  Factor  30ce2  -  73xy  -  5?/2. 

32.  Show  that  2  (a3  +  b3  +  c3  -  3o£c)  =  {(a-b)2.+  (6-c)2  + 

(c-a)2}  (a  +  6  +  c). 

33.  Expand  (a  +  b  +  c)3 ;  from  the  result  infer  the  expansion 

of  (x  +  2y  -  z)3. 

34.  Add  a  term  to  16a262  +  2&6c2,  which  will  make  the  expres- 

sion a  square,  and  state  of  what  expression  it  is  then  the 
square. 

35.  Solve  (aj  -  5)2  +  (2x  -  4)2  =  (3x  -  7)2  -  (lx  -  3)2. 


36.  Find  the  L.  C.  M.  of  x2-  I,  cc3  +  l  and  a?-aj+l. 

OT    cr      T£     a  —  b         a  +  b 

37.  Simplify  +   -  _-. 

a  +  b         a  -b 

38.  If  a;  =  2,  y  =  3  and  z  =  5,  find  the  value  or 


95  t/  S 

39.  Show  that  the  product  01  two  consecutive  even  integers 

is  1  less  than  a  square  integer. 

40.  Solve  £    +    -1_  =    2    +    JL 

as  2a; 
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41.  Prove  that  a  (x  +  l)  (x+2)  (x  +  3}  +  1  =(x*+3x+  I)2. 

42.  Infer  from  Ex.  41,  the  square  root  of  12  x  13  x  14  x  15  +  1. 

AO    <z  i       a:  +  4          2x  -  5 

43.  Solve =    . 

x  -  3         2x-8 

41.  The  sum  of  two  numbers  is  15.     The  fraction  formed  by 
dividing  the  less  by  the  greater  is  equal  to  §.     Find  the 
numbers. 
45.  Show  that 

1  +  <*?  +  tf-c*   =    (a  +  b  +  c)  (a  +  b-c) 
2ab  ~ 


46.  Simplify 

(a  -  fr)2  -  (c  - 


47  .  A  sum  of  money  is  to  be  divided  among  a  number  of  boys. 
If  8  cents  is  given  to  each  there  will  be  5  cents  over;  if 
9  cents  is  given  to  each  there  will  be  5  cents  short. 
Find  the  number  of  boys. 


48.  Solve  ___  -  2  =  0. 

(x~l)    (x  +  8) 

49.  Prove  that 

(n+1)  (n  +  2) 


50.  Show  that  the  square  of  the  sum  of  two  numbers  is 
greater  than  the  sum  of  their  squares  by  just  as  much 
as  the  sum  of  their  squares  is  greater  than  the  square  of. 
their  difference. 


Ex.  1.  (1)  +  30.  (2)  -30.  (3)  -30.  (4)  +30.  (5)  +5. 
(6)  -  4.  (7)  •  176.  (8)  A  debt  of  3  dollars  ;  an  asset  of  4 
dollars.  (9)  A  debt  of  5  dollars.  (10)  An  expansion  of 
1£  inches. 

Ex.  2.  (1)  +10.      (2)  -9.      (3)  -3.       (4)  +21.       (5)  -f 

(6)  +  2TV     (7)  +42.     (8)  198-2813. 

Ex.  3.  (1)  +2.  (2)  +8.  (3)  -8.  (4)  -2.  (5)  -46. 
(6)  -30.  (7)  +20.  (8)  -9.  (9)  +20.  (10)  -61. 

Ex.  4.  (1)  +  8.      (2)  -  8.      (3)  -8.      (4)  +8.      (5)  +28. 

(6)  -334.     (7)  +162.  (8)  +.  (9)  +.  (10)  -. 

Ex.5.  (1)  +3.    (2>-3.    (3)-3.    (4)  +  3.     (5)-6.    (6)  +  70. 

(7)  +.     (8)  -.    (9)  -.    (10)  +. 

Ex.6.  (1)  -2.  (2)0.  (3)  -36.  (4)- 1.  (5) -28.  (6) +9. 
(7)  +1.  (8)  -25.  (9)  -9.  (10)  +31.  " 

Ex.  7.  (2)  -18;  +18;  -12;  +18;  +72.  (4) -24; 
+  2;  -10;  -14;  -10;  +24.  (5)  +  l;  -23;  -46; 
-15;  +62;  -4;  +2400.  (6)  +  10.  (7)- 10.  (8)  +  10. 
(9)  -4.  (10) -10.  (11)  -10.  (12)  +10.  (13)  +4. 
(14)  +60.  (15)  +14.  (16)  +60.  (17)  -10.  (18) +7. 
(19)  +36.  (20)  -10. 

Ex.  8.  (1)  +  5a.  (2)  +  babe.  (3)  +  Sx  -  Sy.  (4)1  -  y  -  Ux. 
(5)  +™x.  (6)  +ftabc.  (7)  +x  +  y  +  z.  (8)  -f  3pq  +  3p 
+  2q.  (9)ap  +  bq-27pq.  (10)  +  7x-2xy.  (11)  +lSabcd. 
(12)  I5x+\2y  +  z.  (13)  -  21*-  23*+  lOy.  (14)  -5mn 
(15)  +12mn.  (16)  -  12a6c.  (17) 
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Ex.  9.  (1)  12a  +  46.     (2)  5a.      (3)  7a  +  226  +  c.     (4)  8a  -  46 
+  23c.     (5)  49a  +  36y-24s.    (6)  a  +  y  +  z.    (7) 
+  3*.      (8)  17a-196  +  26c.      (9)2c  +  4d.      (10)  50.ry 
35y«-19«».      (11)  3-2a6  +  66c.      (12)    - 
-83.  (13)Y^+^-^-cd   (14)--15a6- 
(15)  -^x  •    £y  +  £#yz.       (16)  25a6cd    •  a6c?e       256cc?e. 
(17)  43jt??  +  46?r-69pr.      (18)    -  29#y  -  1129ay«  +  1403 
#2/2^.    (19)  -2a;-2y-2w  +  4a-26.     (20)  -|-6-£c-|a. 
Ex.  10  (1)  4a  +  26  +  2c.     (2)  a  -26.     (3)  26  +  2c.     (4)  8*+ 
2y-5z-16w>.      (5)    -2a-6  +  4c  +  3ef.      (6)  23a+13y- 
2lz-w.     (l)m-n-p.     (8)  3m  -  3n  +  3p.     (9)  2a6  +  6c 
-  ca.     (10)  -  Wxyz  —  \7yzw+  ISzwx.      (11)  ^xy  —  ^yz- 
±zx.     (12)  5^-7m  +  8n.     (13)    -x-y  +  2z.     (14)     -  26a 
+  5cx.     (15)  —  ax  +  5a  +  fi. 
Ex.  11.  (1)  x  +  y-z.       (2)  sB-y  +  ».       (3)  9a;-5y.       (4)  o. 

;.     (7)  5x-2y.  (8)  38  -  3a. 
(11)  a.     (12)  5a  +  66-8c. 
•'      (14)-2ar-2y.     (15)  a.     (16)  3x.     (17)26-c.     (18)  x  - 

y  +  7z  +  7w.     (19)  3a-36  +  3c.     (20)  2  -  5*. 
Ex.  12.  (1)    2a-6  +  (-3c  +  4c?-e);    2a-6  -(3c-  4rf 
(2)  a-6  +  (-c-cZ-e)+/;  a  -  6  -  (c  +  d  +  e)+/     (3) 
-3y  +  (4:z-3x-  3y)  +  3^;  2a;  -  3y-(  - 
(4)   2a:-y  +  (-3a!-4y-4a5)  +  y  ;     2x-y- 
+  y.     (5)    a  +  6  +  (-c-«  +  6)-c;     a  +  b  -(c  +  a-b)  -c. 
(6)  2cc  -  3y  +  (4s  -  5w  +  6w)  ;    2a  -  3y  -  (  -  4s  +  5w  -  6w). 
.'v      (7)  3a-36  +  (-4c-4rf-,«);    3o-  36  -(4c  +  4^  +  e).     (8) 
'      26  -  4  +  (  -  2c  -  y  +  3s)  ;  26  -  4  -  ('3s  +  y  -  3s).     (9)  -  oj  +  y 
-  z  -  w  +  Qu);  -x  +  y-(z  +  w-  6u).     (10)  - 


.     (IS)  la:  - 
(14)    ab-{-bc  +  (-ca  +  abc)}.      (15) 


(17)  a- 
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Ex.  13.  (1)    -12.     (2)  +15.     (3)   4-10.     (4)   -12«6.     (5) 

(6)    +  10mn.      (7)     - 1262.     (8)    +  15ofy.     (9) 
(10)    -1266.      (11)    +I5x7.      (12)    +10m16. 

(13)  +20«W.     (H)  -JaWd6*.     (15)  +  lO^yV.     (16) 

.     (17)-^.     (18)+*4.     (19)  -  8a363.      (20) 
(21)     -243.      (22)     +  16<*864.       (23)   +  «W. 
(24)    -SGoy1*3.     (25)    +  «1W. 

Ex.  14.  (1)  a^  +  foc.     (2)  cm  +  dm.     (3)  2ao;  +  3foc.     (4)  3cm 

+  5c?m.     (5)  8ax+I2bx.     (6)  30cra  +  50dra.     (7)    -  ±ax 

-Qbx.      (8)    -9cm-15c?m.      (9)    -Qac  +  8bc.     (10)    -  8c 

-V-  Ud.      (11)  ti2-f  a6.      (12)  cd  +  d2.       (13) 

(14)  6^-9^2.      (15)  ^+2jc2  +  £c.      (16)   3a4 

(17)  x*  +  x*y  +  xy.      (18)  -  xzy  -  xY  -  xy\     (19)  x 
^3  +  y4-      (20)    -4«26c       6«62c  4- 8a6c2.       (21)  x*- 

(22)  ar'y2  -  tf-     (23)    ~  2^ 

(24)  «3  +  63  +  c3 -  3«6c.     (25) 

Ex.  15.  (1)  2cc2  +  7^  +  6/  (2)  6«2  +  17a6  +  562.  (3) 
7a6  +  662.  (4)  6x2+17£C2/H-5?/2.  (5)  2m2+7mn 
(6)  6jo2  +  ITpy  4-  5?2.  (7)  2a2  +  Sab  -  W.  (8)  6^  -  I3xy 
+  62/2.  (9)  2m2  +  3mn  2n2.  (10)  9rr2  -  15mrc  +  6n2. 
(11)  2a2+17a  +  30.  (12)  21^2  +  23^-20.  (13)  rc2  + 
I7x  +  60.  (14)  x2  +  16o:  +  60.  (15)  a2  +  19a  4-  60, 

(17)a24-32:r  +  60.    (18)  cc2  + 
.    (20)  x* -  16x  +  60.    (21)  a?- 
(22)a:2-23a;4-60.    (23)  or2  -  32.*  + 60.    (24)  x2  -  61ic  +  60. 

(25)  a2-7^-60.     (26)  or2 4- 7^-60.     (r7)  a2  +  ll^-60. 
(28)  rr2- lice -60.    (29)  a2  +  4^-60.      (30)  o;2-4aj-60. 
(Sl^+Hx-eO.    (32)«2-17a;-60.    (33)  ^24-28rr- 60. 
(34)^2-28a:-60.    (35)  a24-59a  -  60.    (36)  x2  -  59*  -  60. 
(37)  9*2  +  75;c  +  24.     (38)  9r2- 69^- 24.     (39 

+  24.    (40)  9«2  +  30;r  r-  24.    (41)9*2  +  33a;+  24. 

15;r  -  24.      (43)  9z2  -  33o;  +  2"4.     (44)  9a;2  -  36*  +  20. 

(45)  a?  -  f.      (46)  a2  -  b\      (47)  w2  -  n\      (48)  p2  -  q\ 
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(49)  to?  -  y\  (50)  4*2  -  Vy\  (51  )  «262  -  c2.  (52)  ^y  - 
62m2.  (53)  ct  -  64.  (54)  a4  -  62c2.  (55)  4a4  -  96*. 
(56)  PmV-^VV2- 

Ex.  16.  (1)  6ar2  +  3a^  +  9a;2.      (2)  4xy  +  2«/2  +  6y«.     (3) 

§yz.     (4)  a26  +  a2c  +  a62  +  ac2  +  62c  +  be2 
.     (5)  ^  +  y2  +  «2  +  2x2/  +  2y2;  +  2^.     (6)  a 

(7)  4a;2  +  9y2  +  1  6^2  +  1  2 
(8)  a^  +  y3  +  ^3  -  3^3/2;.      (9)  xs  -  yz  +  z3  +  3^0.     (10)  a;3  - 

i  :    ^3  _  ^  _  3^.^     ^n^  6a4  +  13a3  +  18a2  +  10a  _  12 

|j       (12)  2ic4-ll^+18x2-21o;  +  18.     (13)  a4-  y4,     (14)  5m6 
:          +8m4-5m3-8.     (15)  12^+  17^4+  16^ 

Ex.  17.  (1)  2*4-ay-8ay+llay-42A      (2) 

a*  -a*  -a*  -a*  -1.     (3)  8a3  +  2763  +  c3-  18a6c.     (4) 

_  l.     (5)  a5  +  a*b  -  2a?b*  -  2a2^3  +  a64  +  b5.     (6) 
.5_8x4  +  2^-3x24-4a:-l.       (7)  x6 
(8)  »V  +  y}z  +  xy2  +  xz*  +  y^z  +  yz*  +  2xyz.     (9)  a?b 

2c  +  6c2+2a6c.       (10)    £^  +  9^  +  26^ 
(11)  a3-9a;2  +  26x-24.         (12)    x3  +  9ofy  +  26  xy*  4- 

26V-24t/3.      (14)  aj'  +  aj'+l.     (15)x4  + 
4.     (16)  ar5-!.    (17)  x^  +  x^  +  y*.   (18)  12a2-8a. 
(19)    15«2+10a6.      (20)    10a  +  92.      (21)0.     (22)  -  3<*2 
+  2a.     (23)  a-46  +  9c.      (24)  (4a-36)  a?  +  (116  -Be)  y. 
(25)     -12foc  +  4ay. 

Ex.  18.  (1)  (4m  +  5n)rc2.     (2)  (2a  +  5&  +  c)a.      (3)  (a 

(4)    (2  +  5c)a  +  (3+4m)a2.       (5)    (m 
.      (6)  (2  +  d)  x  +  (e  +  4)#2  +  (c-rf)  x3     (7) 
26  +  a&>2  +  aV.    (8)  (2  -  a}x  +  (  -  c  - 
(9)    (-a-b-c)  x  +  (a-b)  x'i  +  (a- 
(10)  (S-JJa-a^  +  ^-Sa)^3.      (11)    (x  +  y)».      (12) 
jf)(<l  +  6),      (13)  x  +  (a  +  b)(c  +  ct).      (14)m2-(m- 
(m  +  n).     (15)  (a  +  6)3.     (16)  (a  +  6)  (a  -  6)  =  a2  -  62. 

EX.  19.  (1)  b.     (2).  a.     (3)  1.     (4)36.     (5)  +4a.     (6)  -5. 
(7)  a5,    (8)  ay2.     (9)  xyW,    (10)  7a5.     (ll)-4ay 
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2.     (13)26.     (14)-o:y.     (15) -2^*     (IS)-Sabc*. 
(17)  -6c.     (18)  a*bcd.     (19)-  72>     (20)  5z. 
Ex.  20.  (1)  a  +  b  +  c.      (2)  a  +  b  +  c.      (3)  2a  +  36  +  4c.      (4) 
a  .}_  26  +  3c.      (5)   3#  — 56  +  460.      (6)   2a  — 46  +  3c.      (7) 
26y  —  a6  +  362#2y2.       (8)    4a2y2  —  6aa;y2  +  5a3#2.       (9)   ac  + 
2arf+3cd.     (10)  4a26-a62c-2c2d2  +  l. 

Ex.  21.  (l)*  +  2.     (2)<c  +  2.    (3)x  +  3.    (4)a+l.    (5)a  +  2. 

(6)*  +  6.     (7)a-2.     (8)  a: -7.     (9)a-4.     (10)  x  +  2. 

(11)  7/1  -  2.      (12)  c  -  6.      (13)   x  +  y.      (14)   *  +  y. 

(15)  a+2y.      (16)a  +  2y.      (17)  o- 126.      (18)m-7n. 

(19)  3a  +  2.      (20)    a +  6.      (21)   xs  +  3x*y  +  3xy2  +  y3. 

(22)m4-3m2  +  4m+l.    (23)  x2  -  x  -  2.    (24)  2y4-  4y2+  1. 

(25)  x^  —  xy  +  y^.      (26)    cc2y2—  3icy  +  1.      (27)  2x2y^  —  xyz 

-  3z2.     (28)  2  +  x  -  x\     (29)  a4  -  a36c  +  aW  -  a63c3  +  6V. 

(30)  ma  +  2w-3.      (31)  a:  +  y  +  l.     (32)  a-6  +  1.       (33; 

a  +  b  +  c.     (34)  x  +  3y.     (35)  I  +  2m.     (36)x-y-z. 
Ex.  22.  (1)- 7.     (2)14.     (3)-5a  +  6c.     (4)1.     (5)  x8-x7- 

x  +  l.      (6)    a  +  26  +  c.      (7)    2a4-264.       (8)    aj8-2a:  +  4. 

(9)17.     (10)0.      (ll)-2-o;-3ic2.     (12) 

(13)  l+x  +  xz  +  xs  +  x4.   (14) -6.    (15)8. 

(17)  a;4-5icy  +  4y4.     (18)  3a-24a6.     (19) 

xyi  +  ty.       (20)    15.        (21)    Xs  +  3x~y  +  3xy*  +  y\ 

(22)  3a2-14«6  +  862.     (23)  21.      (24)  -2J.     (25)  a  =  4, 

6  =  6,  c  =  6. 

Ex.  23.  (1)  y?  +  2xy  +  y*.    (2)  y2  +  2yz  +  z*.    (3)  m2  +  2mn  +  w2. 

W4ic2  +  4ici/ +  v2.     (5)    4i/2  +  12yz  +  9z.     (6)  9m2  +  24mn 
*/          v  \     /  ^  v  *      / 

+  IQn2.     (7)  a?2  -  2xy  +  y1.     (8)  y2  —  2yz  +  z2.     (9)  m2  —  2/7* 
w  +  n2.       (10)  4aj2      4rcy  +  y2.      (11)  4y2  —  12y2;  +  9z2. 

/TO\jl9.>l  9  /1<IX         97  9     . 

( 1  o)  4jtr  +  4jt?£  +  g*.     (14)  ortr  + 

\  /  \  ' 

(17)  4^2y2  +  20ccy  +  25.       (18)  9m2n2  -  24mna  +  16a2. 

^ 

ir 
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(22)    4*2  -         +  -          (23)    4a2  +  6a&  +       .      (24)  9m2  + 
o       zo  4 

6m  ,    1        ,nK\  t  n  2  2  ,  .  z2      /o/?\   ^n  •?     21o;       9 

_—  +  __.     (25)  16ary  +  4#z/z  +  -..     (26)  49#2  -__.+ 

o       ZD  4  2         16 


(27)  4a4-2a2  +  JL.  (28)  4-2#2+  —  .  (29,202  +  2  x  20  x  3 

4  4 

+  32  =  529.   (30)  1024.   (31)  3721.  (32)  10609. 

(33)  10404.   (34)  11025.   (35)  10100J.  (36)  9900J. 

(37)  1006009.  (38)  4002000J.  (39)  2xy.  (40)  -  Zxy. 
(41)  y\  (42)  4y2.  (43)  25.  (44)  9. 

EX.  24.  (1)  (x  +  y)\     (^(x-yj.     (3)(a  +  6)2.     (4)  (c- 

(5)  (x  +  2y)2.     (6)  (x-^y.     (7)  (2X+1/.     (8)  (a 
::      (9)  (a  +  bc)\     (W)(3p-2g)\     (ll)(4y-l)2.     (12)  (x 


(5a-|)2.     (20)     (a  +  b)  +  c\     (21)     (x  +  y)  +  z>.     (22) 


X.  25.    (1)    (m  +  n}\        (2)   0  +  ^)2.        (3)   (2a;  +  y)2.       (4) 
(m  +  3)2.     (5)  (^  +  4)2.     (6)   (2x  +  3)2.     (7)(m-7i)2.     (8) 
(p-qf.       (9)   (2x-y}\       (10)    (m-3,2.       (11)    (^  -  4)2 
(12)  (2a;  -  3)2.     (13)(^-8)2.,    (14)(2/  +  1)2.     (15)(«-2)2. 

(16)  (W|)2-     (17)(2/-|-)2.     (18)  (2,+  1-)2.      (19) 


(20)     (2^  +  2)2.     (21) 
--^)2.     (23)   (±.+  1)2.     (24)    (|+1)2.      (25) 


(m  +  n)2  or  (w  -  w)2.  (26)  (p  +  y)2  or  (_p  -  q)\  (27) 
(1+a)2  or  (1-a)2  (28)  (1-a)2.  (29)  (3  +  m)2.  (30) 
(8a+l)2.  (31)  (2mrc+l)2.  (32)  (3m  +  mn)\  (33) 

+|.y.     (34)   (W  y)2-     (35)   (x  +  cf.     (36)    (2*  + 
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J.     (37)     2s  +  --«.     (38) 
(40)     (-L  +  2scV    or     (±-2xf.       (41)    (-1  -  xY       (42) 

\  Zt  /  \  Qu 


3 

Ex.  26.  (1)  a^-y2.      (2)  m2-n2.      (3)  62-c2.       (4)  62  -  4C2. 

(5)  4m2-w2.       (6)  4m2  -9r*2.       (7)  a;2  -  49.     (8)£C2-16. 
(9)    a2-!.      (10)    I-*2.       (11)    l-4ic2.      (12)    9-4z2. 
(13)  4a262  -  c2.      (14)  a?V  -  4c2.      (15)   16A2m2  -  25pa. 

(16)  4«262-J.      (17)  «4-64.      (18)  4**  -IV.     (19)  a2  + 

_  C2.  (20)  a2  +  2a6  +  62  -  c2.  (21)  4a2  +  4ab  +  62 
(22)  4a2  +  12a5  +  962  -  4c2.  (23)  P  +  2ln  +  n*-  m2. 
(24)  4a2+12ac  +  9c2-62.  (25)  a2  -  62  +  2&c  -  c2.  (26) 
4a2  _  52  +  Qbc  _  9c2<  (27)  a4  +  a;2  +  1.  (28)  oV  +  aV  +  1. 
(29)  a;4  +  ofy2  +  2/4.  (30)  1  +  a4  +  jc8. 

EX.  27.  (1)  (c  +  d)  (c  -  d).      (2)  (m  +  n)  (m-n).      (.3)  (?  +  r) 
(y-r).      (4)    (aa  +  y)  (««  -  •  y).       (5)    (x  +  yz)  (x-yz). 

(6)  (xy  +  zw)   (xy        zw).       (7)    (2m  +  w)    (2m.  -  n). 
(8)(3p  +  2g)^-2y).    (9)(4a;  +  3y)(4a:-3y).    (10)  (2  +  *) 

(2  -  x).      (11)  (3  +  2y)  (3  -  2y).      (12)  (l  +  |_)  (l  -  5.). 

(13)    (2a6  +  ajy)    (2a6  -  ay).       (14)    (x2  +  3)    (x2  -  3). 
(15)    (4  +  y3)    (4  -  y3).      (16)    (7a6c  +  3)  (7a6c  -  3). 

(17)  (a62c  -f  c^2)  (a62c  -  d2).     (18)  (1  +  4aJc)  (1  - 
(19)    (5  +  4pf)  (5  -  4^2).      (20)  (1  +  5pq)  (1  - 
(21)    (9a  +  56)    (9a  -  56).       (22)    (a?  +  56)    (a3  -  56). 
(23)  (a2  +  62)  (a  +  6)  (a  -  6).       (24)  (a4  +  64)  (a2  +  62)  (a  +  6) 
(a  -6).       (25)    (4  +  a2)   (2  +  a)   (2  -a).      (26)  (25^  +  y2) 

(5x  +  y)(5x-y).   (27)  (1  +a:y)  (-1-  ay).   (28)  (6V  +16) 

(62c2  +  4)  (6c  +  2)  (6c-2).      (29)  (^4  +  y4)  (o:2  +  y2)  (x  +  y) 
(x  -  y).       (30)    (a464  +  c4)   (a262  +  c2)    (ab  +  c)  (ab  -  c). 
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(31)  (27  +  23)  (27-23)  =  50  x  4  =  24-52.       (32)  24-52-3. 

(33)  53-32-43.    (34)  (a  +  b  +  c)  (a+b  -c).     (35)  (a+b  +  c) 

(a  +  b-c).    (36)(2a  +  6  +  c)(2a  +  6-c),    (37)  (a-  26  +  2c) 

(a-26-2c).     (38)  (a  +  b  +  c)  (a-b-c).     (39)  (a  +  b  +  c} 

(a-b-c).>    (40)    (a  +  b-c)    (a-b  +  c).       (41)    (3a-2y 

+  52;)   (3a  -  2y  -  5z).      (42)  ±xy.      (43)  (a  +  b  +  c  +  d) 

(a  +  b  -  •  c  -  d).      (44)  (a  -  •  b  +  c  +  d)  (a  -  -  b  -  c  -  d). 

(45)  (a-2b  +  2c-d)  (a-2b-2c  +  d).      (46)  (3  +  2x-y) 

(3       2x  +  y).      (47)    (a  +  b  •  •  c  +  d)  (a  •    b    •  c  -•  d). 

'  •      (48)    (2a  +  36  +  c-5c£)  (2a  -  3b  +  c  +  5d).        (49) 

;       +  y2)    (aj'-ay  +  y8).       (50)    (aJ  +  ajy  +  y*) 

(51)  (o;2  +  ^+l)  (aj»-a;+l). 

Ex.  28.  (1)  x*  +  5x  +  Q.      (2)  a^  +  Saj  +  lS.     (3) 

(4)  ar>-5a  +  6.  (5)  x*-8x+15.  (6)  a2  -  18a?  +  77. 
(7)  x*  -  x  -  6.  (8)  a2  -  2a  -  15.  (9)  x2  -  4cc  -  77. 
(10)  a*  +  x-8.  (11)  x2  +  2x-15.  (12)  a;2  +  4aj-77. 
(13)  m2+2m-63.  (14)  ^2  +  2c?-63.  (15)  y«+2y-63. 
(18)  mV+  2»m  -  63.  (17)  rfV  -  2cfe  -  63.  (18)  yW  + 
*2yz  -  63.  (19)  4x2  -  4x  -  15.  (20)  9y2  +  12y  -  77. 
(21)  9^2-42^  +  48.  (22)  4wV  +  24mw  -  72.  (23)  9aW 
-6a6c-63.  (24)  16^  +  32^-65.  (25)  9aV  + 

,  /      72a2y+119.       (26)    x*  +  Qx  +  9.       (27)    m2+22m+121. 
(28)  4a2  +  20*  +  25.     (29)  4m2  +  28m  +  49. 

Ex.  29.  (1)  x*  +  3ax  +  2a\      (2)  x*  +  7bx+  I2l\     (3)  x*-2ax 
-  8a2.     (4)  a2  +  bx  -  1  262.     (5)  4tf2  +  8aa;  +  3a2.     (6)  9z2  + 
9bx-28b\      (7)  16mV-  ±mnp  -  2p\      (8)  aW  +  3a6c£c 
'      -  lOic2.       (9)  cc2  -  Sjy  -  lOy2.       (10)  9^  -  9a;y  -  10y2. 
—     (11)  4a;2-32aa;2  +  63a2.    (12)  9a6  -  10062.    (13) 

.    (14)  arfy2  +  jcy»  +  xyw  +  zw.    (15) 

.     (16)  m?+2mn 


(18)  «2  +  2a6  +  62  +  7a  +  76  +  12.     (19)  m2 

-70.     (20)  a;2  +  2a;-63.     (21)  16mV-  24mw-  55. 
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(22)  a3  -  2ab  +  6*  +  7a  -  76  -  30.     (23)  x*  +  ±xy  +  4y2  -  5xz 
lOyz  -  24*2.     (24)    4#2  -  1  2xy  +  9?/2  -  6az  +  9yz  -  10z2. 

(25)  4m^2  +  1  2mnp  +  9p2  -  Qmn  -9p-  28. 

Ex.  30.  (1)  (aj  +  3)(a;+l).  (2)  (aj+5)  (aj  +  1).  (3)  (x+S) 
(a:  +  2).  (4)  (x  +  4)  (a?  +  3).  (5)  (aj  +  5)  («+3).  (6) 
(ar  +  4)(a>+2).  (7)  (y  +  7)  (y  +  3).  (8)  (y+7)  (y+1). 
(9)  (y  +  10)  (2/4-2).  (10)  (y  +  12)  (y  +  2).  (11)  (y-4) 
(y-2).  (12)(y-3)(y-l).  (13)  (m-4)  (m-  4).  (14) 
(m-6)  (m-4).  (15)  (m-7)  (m  -  3).  (16)  (m  -  8) 
(m-2).  -17)  (m-5)  (m-5).  (18)  (m-9)(m-l). 
(19)  (a-12)(a-2).  (20)  (a  -6)  (a  -4).  (21)  (a  +  12) 
(a  +  2).  (22)  (a  +  6)  (a  +  4).  (23)  (mw  +  4)  (mw  +  2). 
(24)  (pq  3)  (^  1).  (25)  (am  6)  (am  2). 

(26)  (am  +  11)  (am  +  1).      (27)  (xyz  -  17)  (xyz  -  3). 
(28)(a6-19)(a6-l).     (29)  (a  +  6)  (a  -2).     (30)  (6-6) 
(J  +  2).       (31)    (w-9)    (m  +  7).       (32)    (m  +  9)    (m-7). 
(33)  (a-  7)  (»+3).      (34)  («j  +  7)   (a:  -3).      (35)  (y+9) 
(y-3).  (36)   (y-9)   (y  +  3).     (37)   (a  +  8)  (a  -4).     (38) 
(6  -9)  (b  +  l).     (39)  (a?  -2)  (a:  -3).     (40)  (aj  +  7)  (a?-2). 
(41)  (6-  2)  (b  -5).     (42)  (y+  11)  (y-2).     (43)^+10) 
(ooj-7).     (44)  (oaj-H)  (ace  4-  5).     (45)   (a  +  26)   (a  +  6). 
(46)    (^  +  3y)    («  +  2y).      (47)    (c-16^)    (c  +  d).      (48) 

+  2p).     (49)  (a;-20y)(a;  +  3y).     (50)  (x  + 
(51)  (2cc  +  5)  (2aj  +  l).     (52)   (3*  +  5)  (3a? 
(53)  (a  +  6  +  6)  (a  +  b  +  2).     (54)  (m  +  n+  12)  (m  +  n-  1). 


Ex.  31.   (1)  a2  +  2/2  +  z2  +  2*2/  +  27/z-f  2a».      (2) 

.    (3)  a:2  +  4y2  +  9z2  +  ±xy  +  1  2y»  +  Qzx.    (4) 
x.  (5)  x2 


26c  +  26d  +  2cd      (8)  a2  +  62  +  4c 
-  Gad  -  46c  +  66^-1  2cd.     (9) 
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(10)  cc4  +  2xs  +  3x2  +  2.r+  1.     (ll)a!*H 

\          /  \  / 

4^  +  3^+2^  +  1.     (14)  su6  -2ar5  +  3lx4-4x3  +  3x2-2^+  1. 

-y  +  »).     (18)(&+2y  +  32!).     (19) 


Ex.  32.     (1)  a?3  +  3oj  2y  +  3x?/2  +  2/3.     (2)  as3  -  3a?2?/  +  S.r?/2  •  -  ?/3. 
(3)  See3  +  120?2?/  +  §xy*  +  7/3.     (-»)  .t3  -  G; 
(5)  27033  +  54cc22/  +  36x7/2  +  8?/3.    (6)  27or  -  5 
863.     (7)  «3+12£c2+48aj  +  64.     (8)  8#3- 

/ Q\          _  (\i~p   i    1  0^y«" S'y^         ^  1  0  i    S'y**^  -1-  .iM'y"'  -i-  1  >4.y  -4-  /^7         i  1 

I  t/   I         X  V/t'C'       l^     I    — .' '  OtA'    •  I    J.  Vy    I       i_^t^>          r    *-*  Vy*Ay  t-/   XtAy    T^    M  ff   .  \    X  X    I 

\     /  \          /  \          / 


ar»\  o         /•                  "                    '"'  /I  O\ 

*  /    \  W                Ivlil                                          O  •      1  '  *4rtl 

^j)  O  —  O?7l  +  m*  _ .  (1«5J 

/                    2            8  v     y 


/Tf*J  _|_  /i«5      I      /»O     I         -SxTf^/i        I          ~{/Y^/*    -I—      "^/Tf/1        I       ^/Tf/*^  _ I  i     \t\    f*      I       '\f~li*^'       I       r^/Tf/1/' 
M/      "  f~  L/         |™  O      "    "     t_/l*    t/     "     "      tit*    L*    "™  "     vCt/L/        i      C/CvC/        ™   \J\J    O  ^^  vC/t/        "i       V/tx/l/O^ 

(14)  See  13.     (15)  as  +  bs -  c3  +  3«2£  -  3a2c  +  3a62+3ac2- 
-  ftabc.     (16)  0^+  8?/3+  27^  + 

s.    (17) 

-  12a^«.     (18) 


Ex.   33.     (1)    tf  +  ys.     (2)    a*-y*.     (3) 

(5)  8a^  +  a3.     (6)    8«3-c3.     (7)    8a8  +  6s.     (8)    8^-  27s/3. 

(9)    8a3  +  2763.     (10)    a?  --fa.     (11)  se'  +  f     (12)  a8  -6°. 

(13)  «3c3  +  66.   (14)  oP  +  ifz3.    (15)  64^+1.    (16) 

(17)  8m3  +  27w3.    (18)   a6-  1.    (19)l+a6.     (20) 

(21)    x>-xy  +  y\      (22)  x*  +  xy  +  y2.      (23)  a2  - 

(24)  4*;2  +  6^  +  92/2.     (25)  1  +  2a2  +  4«4.     (26)  4y2-y  +  J. 

'          (27)    25m2+15m^  +  9^2.     (28)  m  -  n.     (29)  a  +  5.     (30) 
2a-52/.     (31)  3m  +1.     (32)  1  -  4m. 

Ex.  34.  (1)  0?  +  ?)  (?-pq  +  f).      (2) 
(3)   (2p  +  q)(4p*  -2pq  +  q*).     (4) 
(5)  (2p  +  3y)  (4p2  -  Qpq  +  9/).    (6)  (3m  -  1  )  (9m2  +  3m  +  1  ). 
(7)  (2-5z)(4  +  10z  +  25z2).     (8) 
+  y2).     (9)  (xy  +  z)  (afy*  -  ccy^  +  z*).     (10)  (a  +  6c)  (a2  - 
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+  62c2).  (11)  (a  +  b  +  c)  (a2  +  2ab  +  62  -  ac  -  6c  +  c2). 
(12)  (a  +  6  +  c)(a2-a6-ac  +  62  +  26c  +  c2).  (13)(o  +  6-c) 
(a2  +  2ab  +  62  +  ac  +  6c  +  c2).  (14)  (a  -  b  -  c)  (a2  +  ab  +  ac  + 
b2  +  26c  +  c2).  (15)  (a  +  b  -  c)  (a2  -  ab  +  ac  +  62  -  26c  +  c2;. 
(16)  (a-6  +  c)(a2  +  a6-ac  +  62-26c  +  c2.)  (17)(a  +  6-c) 
(a2  +  2a6  +  62  +  ac  +  6c  +  c2;.  (18)  (a  -  b  -  c)  (a2  +  ab  +  ac  + 
62  +  26c  +  c2).  (19)  (3-a-6)  (9  +  3a  +  36  +  a2+2a6  +  62). 
(24)  (aj-1)  (x+l)  (x>-x  +  l)  (x2  +  x+l).  (25)  (2  -y) 


Ex.35.  (l)(3a;+l)(2a;+l).  (2)  (3a:  +  2)(2aj  +  l).  (3)(3aj-2) 
(2a+l).  (4)  (3x+2)  (2a:-l).  (5) 
(6)  (56  -  2c)  (6  -  2c).  (7)  (5c  +  2^;  (c 
(a;+2y).  (9)  (4a-5)  (3a  +  4).  (10)  (3a  -  4)  (4a  +  5), 
(11)  (3a  -  4)  (4a  -  5).  (12)  (12a  +  5)  (a  +  4).  (13) 
+  5)  (a  -4).  (14)  (12o-56)  (a  -46).  (15)  (2^ 
(4a  +  5y).  (16)  (2x  -  3y)  (4^-5^).  (17)  (2a  -  36) 
(4o  +  56).  (18)  (2a  4-  36)  (4o  -  56).  (19)  (bOx  +  1) 
(x  +  1).  (20)  (8*  +  3y)  (6;r  +  9y). 

Ex.  36.  (1)  06.  (2)  abc.  (3)  m2.  (4)  o6W.  (5)  3o6»c. 
(6)  12^.  (7)  52/V.  (8)  763c3.  (9)  26.  (10)  x3. 
(11)  aj  +  3.  (12)  a;  +  2.  (13)  2  (a  -7).  (14)  a  +  26. 
(W)  x-2y.  (16)a  +  2y.  (17)  a-6.  (18)a  +  6  +  c. 
(19)  a+1.  (20).  a;  +  y. 

Ex.  37.  (1)  «262c.  (2)  12m3^2.  (3)  24a^W.  (4)  30a563c5. 
(5)  (a--  6)  (0  +  6)*.  (6)  (a  +  b)  (a3  +  63).  (7)  (2»-l) 
+  1)2.  (8)  (x-2)(x*  +  8).  (9)6(62-l).  (10)  (ar 
(ic  +  2/)2.  (11)  (^  +  2)(^  +  3)(.r  +  4).  (12)  (£C  +  4)(cc-4) 
(a  +  5).  (13)(a;+l)(a;-l)(a;-4).  (14)  (aj+  l)(2a;-  3)2. 
(15)  (a  +  46)  («  +  36)2.  (16)  (2a-l)  (2x  +  3)  (3aj-4). 
(17)  (46-1)  (6  +  3)2.  (18)  (o  +  6-c)(a  +  6  +  c)2.  (19) 
(a  +  b  +  c)(a  +  b-c)(a-b-c].  (20)  (x  +  2)2  (x  +  3)2. 

Ex.  38.  (1)4.  (2)  -4.  (3)  -3.  (4)  -3.  (5)4.  (6)  -a. 
(7)6.  (8)8.  (9)  -5.  (10)3.  (11)  -7.  (12)5, 
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(13)   -13|.      (14)5.      (15)10.      (16)  TV      (17)   -5. 

(18)  12.     (19)  5.     (20)  If  '  (21)  ff     (22)  5T\.     (23) 
-8.     (24)    -If     (25)61      (26)1%     (27)  2T8T.     (28) 

A*.  (29)0.  (30)  -26.-  (31)  -91  (32)  9T«T.  (33)  J. 
(34)  2f  (35)  -25.  (36)4}.  (37)  2f  (38)  if.  (39) 
4J1  (40)  Hf. 

Ex.  39.  (1)  12.  -  (2)  13f  (3)  171  (4)  18.  (5)  20.  (6) 
15.  (7)  56J.  (8)70.  '(9;  -12.  (10)-  66.  (11)-20. 
(12)  If  (13)  -7.  (14)  -if  (15)  if  (16)6.  (17) 
9.  (18)  10.  (19)  8.  (20)  5.  (21)  6ff  (22)  If 
(23)5.  (24)  5f  (25)56.  (26)  2f  (27)6.  (28)  ft. 
(29)  -f  (30)  31  ,' 

Ex.  41.  (l)2oj.  (2)5a:.  (3)»  +  2.  '(4)x-4.  (5)  2*  +  20. 
(6)(«+10)8.  (7)  x(x+7).  (8)  a?  -60.  (9)  x  -50. 

S      (10)  100  -a;.     (11)  40  -re.     (12)2»-40.     (13)2rr-10 

=  3C.       (14)  (2^  +  3)2  =  4x2.       (15)  3^  +  20  =  50.       (16) 

x+l.     (17)  x+l,  x  +  2,  x  +  3.     (18)  (x  +  l) 

(19)  Or  +  6)2-20  =  (tf  +  5)2.     (20)  (x+l) 


Ex.  42.  (1)  45-a;.  (2)  44.  (3)  $15.  (4)  29.  (5)  28. 
(6)38,16.  (7)16,38.  (8)16.  (9)10.  (10)26.  (11)18. 
(12)  20.  (13)  45.  (14)  -14.  (15)  42.  (16)  ^$42.13. 
(17)16.  (18)4.  (19)12.  (20)4  $43.  (21)4.  (22) 
14.  (23)  A  42.  (24)  $350.  (25)  6.  (26)  210.  (27) 
Son  8.  (28)  28.  (29)  A  $50.  (30)  $450.  (31)  40. 
r.S  (32)24.  (33)341.  (34)472.  (35)  10  in.  (36)  3  horses. 

'       (37)  1  01  J  minutes.     (38)  29.     (39)  $9.     (40)  60.     (41) 

V       A  54,     (42)  A  96.     (43)  8  dollars.     (44)  A  $125.     (45; 

'  James  14.  (46)29.  (47)  B  $18.  (48)  Child  5.  (49) 
16.  (50)  30.  (51)  16T4T.  (52)  56.  (53)  25.  (54) 
$16.  (55)  $20.  (56)  24.  (57)  2*.  (58)  2|  hrs.  (59) 
49.  (60)  Father  54.  (61)  21.  (62)  120.  (63)  240  sov. 
(64)  240.  (65)  28  men.  (66)  320. 
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Ex.  43.  (1)  4*2  -  2xy  +  y\       (2)  12  -  lOo.       (3)  (a;  -  20). 
(a;  +  28),  (a?  +  20)  (a?  -28).     (4)^-.     (5)25.     (6) 
(7)    a2  +  462  +  c2  +  9d2-4a6--4&c  +  2ac 

(8)  aa-4&2  +  ca-9da  +  2oc-126rf.  (9) 
(10)  12,  4.  (11)  a^-ofy  +  afy2-a^  +  ^ 
oaf  +  y4.  (12)2o.  (13)  lla-16.  (14)4. 
(x  +  y)  (x2  +  y2)  (^4  +  2/4)  (x*  +  y*).  (16)  x> 
y3  +  xy*  +  y5.  (17)  0.  (18)  (Bx  +  z)  (Sx  -  z).  (19)  25. 
(21)  or5  -  x*y  +  a,y  -  x2y3  +  xif  -  jf.  (22)  (x  -  20)  (x  +  3), 
(re  +  5)  (a;  -  4).  (24)  141  (26)  64  +  62c2  +  c4. 
(27)  (3s  +  5y)  (5^  +  3y),  (3a?  -  5y)  (5*  +  3^).  (29) 
(31)  a?  +  a^  +  as*  +  aj3+l.  (33)  xs  +  8if  +  27^ 
(34)  58,  98.  (35)0.  (36)  ^  +  ^/»2  +  m4.  (37) 
z2  -  xy  •  •  yz  •-  zx.  (38)  x2  +  y2  +  402  -  ccy  --  2^  --  %zx. 
(39)  9,  15.  (40)  -  11  (42)  x*  +  if  +  z2  +  xy  +  yz-  zx. 
(43)  20x  -  21«.  (45)  3T4T.  (46)  9x2  +  y2  +  #  -  Qxy  -  Qxz 
+  2yz.  (47)  (a-b-c)  (a  +  b-c).  (48)  ^  +  9cc2  +  26o; 
+  24.  (49)  y?  +  y*  +  9^2  +  xy  +  3xz  -  3yz.  (50)  -  1. 
(51)  x6  -  1.  (53)  (x  +  y)(x  +  2y  +  1).  (54)  45,  27. 
(55)  -8|l.  (58)  (3a  +  46)  (4a-5fc).  (59)  -(a^  +  z8). 
(60)28.  (62)ic2-x2/  +  2/2-2£c  +  2/  +  l.  (63)0.  (64)10. 
(65)  -120|.  (66)  ^  +  7£c-18.  (67)0.  (68)3.  (69) 


m2  4- 


(70)  0. 

.    (6) 


(12)  .     m).     (U)_.     (15) 


. 

(a-bf  x  +  y  x  +  y  m-2n 

.    (17)  t2??.   (18)  J^Jlil2.   (19)  ^ 

' 


(20)      _.     (21)  __.     (22)  .      (23) 

'  '  2 
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(24)       L-.  (25)  .  <26)  -.  (27) 

;  v     '  '  ' 


.  . 

aj»+l  a-b-c  x-y-z  a+b-c-d 

Ex.  45.  (1)  ac.     (2)  ses.      (3)  ah.      (4)  wp.      (5)  y;>.      (6)  ab. 
(7)  8a*/z.     (8)  12abc3.     (9)  4oa?.    (10)  oa.    (11)  an.    (12) 
)2.      (14)^  +  5^  +  6.      (15)(^-7)2.      16. 
a2-a-2.      (18)  62  +  26  -  15.      (19)  a-  6 
(20)(o;-2/)2.     (21)62-c2.     (22)6  +  5c.     (23)a?  +  y.     (24) 


Ex.46.-(l):-,-^.    (2)^,....    (S)£. (4) 

it    (5) 


a 


....  ... 

2x    2x  x~  abc  CLOG 

'2bc  a?b 


abc 

rt2 


£C2  —  ?/2 


ar+_ay  ,9x  /1Qv 

-.9        .  .9,  '  V     J    --*>..    n        ,1  r>'  v        / 


2, a;  +  I)2  ,,  ..  (i  +  c)2 


(15)   i±L«"     ....  (16)       ^^    "  ^;,   ....         (17) 
a;  ^"  oa  (b   —  d  ) 

a -{•  o  /18^  ^ 

(a +  6)  (6  +  c)  (c  +  a)' '  V        (a-b)  (b-^c)~(c^a)' ' 


Ex.  47.     (1)^.    (2)    >-     (3)    «       (4)     "      (5)   1.     (6) 


.       (7)  .       (8)  .       (9)  (10) 

£CJ - y  x-y.  ar  -  4 

2  2 


a2-16 


2a;+4  /1CX  8-a; 

TT-      (16>   /-, 


(17) -.     (18)          _.   (19) 

(x+l)  (x  +  2)  (a; +  3)  a  +  6 

(20)     1.       (21)     1.       (22)     0.       (23) 


(a2-!)  (a2   -4) 
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-\-x  —  x 


Ex.    48.     (1)    1.      (2)     ^.        (5)  1.      (4)  1.       (5)  -^ 

<±d  yziv. 

(6)    f.     (7)<4±j£.      (8)^±lf.       (9)1.      (10)1. 

be  (a  —  o  i  x  .  ao 

(11)     *         (12)?!?.      (13)1.     (14)    1.     (15)  ^L_. 
or  -  2  y'  —  y  m  ~  *>n 


(17)  .      (18)  .     (19) 

- 

(20)   1. 

Ex.  49.   (1)  -"*,      (2)  _.      (3)          .      (4)        ..      (5)  1. 
J 


(6)  .       (7)        -         fa  +  3)        (g)  ^4-1        (9) 

(a;  +  2)    (sc-3)  x  +  3 


(10)  |^.    (11)  a*.     (12)1.     (13) 
(15)  ^±1.     (16) 


(a  +  6) 

Ex.  50.  (1)2.  (2)  J.  (3)3.  (4)2.  (5)  2TV  (6)8.  (7) 
8.  (8)  8.  (9)  8.  (10)  8.  (11)  8.  U2)  2.  (13)  2. 
(14)  3f  (15)  5.  (16)  2.  (17)  2.  (18)  -J.  (19)  0. 
(20)  7.  (21)  3.  (22)  11.  (23)  0.  (24)  2.  (25)  1. 
(26)  A.  (27)  2ff  (28)  -2.  (29)2.  (30)  £  (31) 
-7.  (32)  3J.  (33)  -2.  (34)  4J.  (35)  7|.  (36)  1J. 
(37)  -If  (38)4.  (39)5. 

Ex.  51.  (1)  48.     (2)  4|.     (3)  3J.     (4)  3£     (5)  27.     (6)  420. 

(7)  2.  (8)  1.  (9)  1TV  (10)  ^.  (11)  $1542f  (12) 
5,  7.  (13)  $152.  (14)  720.  (15)  $6948.  (16)  $540. 
(17)  12.  (18)  51,  27.  (19)  $9600.  (20)  40,  60.  (21) 


$1270.      (22)    $300.      (23)   27.      (24)    17.      (25) 


mn 

•    •• • 

+  n 
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(x  — 


p     t    mp'       np 


-    (28)15.    (29)(m  +  n)«.   (30) 


m  +  n    m-\-n    rr..-\-n 

Ex.   52.  (l)a2+2a&  +  62-c2. 

11.      (5)  »2  +  3a;-.9.       (7) 

-  c4.  (8)  a  -  b  +  c  -  d.  (9)  Identity.  (10)  1  ;  2. 
-64.  (12)  257f  (13)  (50»-1)  (x-  3).  (14) 
1320.  (15)  -3TV  (16)  0.  (17)  a3  +  d*b  +  «2c  +  <#d  + 
abc  +  abd  +  acd  +  bcd,  of  +  2a2  -  5a  -  6.  (18)1.  (19)5, 
15.  (20)  2J.  (21)  (aj-2)  («+l)  (» 
(22)  l+y  +  z  +  yt-yz  +  z*.  (23)  7a  -  26  -  4c. 
bc  +  ca  +  c*.  (25)-lTV  (27)  «3  +  3a2  +  3a+  1,  (29)  3T\. 
(31)  (I5x  +  y)  (2a;-5y).  (33)  « 

,  a?  + 


c4        ,       c2 


16  4 

(35)   -J.      (36)  (*-l)  (*»+!).      (37)  2J±*1}.     (38) 


CL    — 

-f      (40)  2.      (42)  181.      (43)  4^-.     (44)  6,  9.     (46} 
1.     (47)  10.     (48)  7. 
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